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Abstract 



Fix an odd prime p. Let G be a compact /j-adic Lie group containing a closed, normal, 
pro-p subgroup H which is abelian and such that G/H is isomorphic to the additive group 
of p-adic integers Zp. First we assume that H is finite and compute the Whitehead group 
of the Iwasawa algebra, A(G), of G. We also prove some results about certain localisation 
of A(G) needed in Iwasawa theory. Let F be a totally real number field and let Fk, be an 
admissible p-adic Lie extension of F with Galois group G. The computation of the Whitehead 
groups are used to show that the Main Conjecture for the extension Fco/F can be deduced from 
certain congruences between abelian p-adic zeta functions of Delige and Ribet. We prove these 
congruences with certain assumptions on G. This gives a proof of the Main Conjecture in many 
interesting cases such as Zp x -extensions. 
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Iwasawa theory studies the mysterious relationship between purely arithmetic objects and special 
values of complex L-functions. A precise form of this relationship is usually called the "Main 
Conjecture". Historically, the first version of this Main Conjecture was stated for the cyclotomic 
Zp-extension of a totally real number field. The aim of this paper is to prove the first noncommu- 
tative generalisation of this Main Conjecture. 

I would like to express my gratitude to my advisor Professor John Coates for introducing me to 
this subject, for his continual encouragement, and many very helpful discussions and suggestions. 
I also thank Professor Kato for very generously sharing his insight of the subject during several 
valuable discussions, and also for providing me with a copy of III81I . I thank Takako Fukaya for 
providing me with the preprint of 1.12.1 . 

1.1 Iwasawa theory for totally real number fields 

In this section we review the Iwasawa theory for totally real number fields. Let F be a totally real 
number field and p be aprime. The field FQj.p'^) - U„>if (//p-i), where fipi- denotes the group of p"th 
roots of unity, contains a unique Galois extension of F whose Galois group over F is isomorphic 
to the additive group of /j-adic integers Zp. This extension is called the cyclotomic Zp-extension of 
F and we denote it by F''"^. We write T for the Galois group of F'^^'^ over F, and fix a topological 
generator 7 of F. 



2 



Definition 1.1. An admissible p-adic Lie extension Foo of F is a Galois extension F^o of F such 
that (i) Foo IF is unramified outside a finite set of primes of F, (ii) Foo is totally real, (Hi) G :- 
Gal{Foo/F) is a p-adic Lie group, and (iv) Foo contains F'^''^. 

Note that if G has dimension > 2, Leopoldt's conjecture implies that G must be non-abelian. Here 
is a typical example of such an admissible p-adic Lie extension with G non-abelian. Let F be the 
maximal real subfield of Qi/j^j). Define Foo to be the maximal abelian 37-extension of F'^^' which 
is unramified outside the unique prime above 37. Plainly, Foo is Galois over F, and G = Gal{Foa/F) 
has dimension 2 by classical computations on cyclotomic fields. 
From now on, Foo IF will denote an admissible p-nAic Lie extension, and we put 

G ^ Gal{F oo IF), H = G al{F oo I F^^'), T = GIH. 

Let E denote any finite set of finite primes of F which will always be assumed to contain the primes 
of F which ramify in Foo. 

Throughout this paper p will denote a fixed odd prime number. For any profinite group P, and O 
the ring of integers of a finite extension of Qp, we define 

Ao(F) = limO[F/[/], 

where U runs through the open normal subgroups of P, and (9[F/?7] denotes the group ring of PIU 
with coefficients in O. When O - "Lp, we write simply A(P). Unless stated otherwise, we shall 
consider left modules over the Iwasawa algebras Ao(P). Following Coates et.al. p^, we define 

S ^{se A(G) : A(G)/A(G)s is a finitely generated A{H) - module}. 

It is proven in H, that 5 is a multiplicatively closed subset of nonzero divisors in A(G), which is 
left and right Ore set. Hence the localisation A{G)s of A(G) exists, and the natural map from A(G) 
to A(G)s is injective. A A(G)-module M is called S-torsion if every element of M is annihilated 
by some element in S . It is proven in loc. cit. that a A(G)-module M is S -torsion if and only if it 
is finitely generated as a A(//)-module. 

We now recall a few notions from algebraic ^-theory. Most of this part is based on the introductory 
section of Fukaya-Kato |fT2|. 

Definition 1.2. For any ring A, Kq{A) is an abelian group, whose group law we denote additively, 
defined by the following set of generators and relations. Generators : [P], where P is a finitely 
generated projective A-module. Relations: (i) [P] = [Q] ifP is isomorphic to Q as A module, and 
(ii) [P®Q]^[P] + [Ql 

It is easily seen that any element of Ko(A) can be written as [F]-[2] for finitely generated projective 
A-modules P and Q, and [P] - [Q] = [P'] - [Q'] in Ko{A) if and only if there is a finitely generated 
projective A-module R such that P ®Q' ®Ris isomorphic to P' ® Q ® R. 
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Definition 1.3. For any ring A, A'i(A) is an abelian group, whose group law we denote multiplica- 
tively, defined by the following generators and relations. Generators : [P,a], where P is a finitely 
generated projective A-module and a is an automorphism of P. Relations : (i) [P,a] - [Q,/3] if 
there is an isomorphism f from P to Q such that f o a = P o f, (ii) [P, a o yS] = [P, a][Q,/3], and 
(Hi) [P®Q,ae/3] = [Pa][Q,j3]. 

Here is an alternate description of K\{A). We have a canonical homomorphism GL„(A) ^i(A) 
defined by mapping a in GL„{A) to [A", a], where A" is regarded as a set of row vectors and 
a acts on them from the right. Now using the inclusion maps GL„(A) GL„+i(A) given by 
I 8 

GLco(A) = \Jn>\GLn{A). 



, we let 



Then the canonical homomorphisms GL„(A) ^i(A) induce an isomorphism (see for example 
mi, chapter 1) 

[GLe.(A),GLeo(A)] ^ 

where [GLoo(A), GLoo(A)] is the commutator subgroup of GLcx,(A). If A is commutative, then the 
determinant maps, GL„(A) A^, induce the determinant map 

det : KiiA) A"", 

via the above isomorphism. This gives a sphtting of the canonical homomorphism A^ = GLi(A) 
Ki(A). If A is semilocal then Vaserstein ( |[30l and [31]) proves that the canonical homomorphism 
A^ = GLi(A) — > ^i(A) is surjective. From these two facts we conclude that if A is a semilocal 
commutative ring, then the determinant map induces a group isomorphism between ^i(A) and A^. 

Let / : A — > A' be a ring homomorphism. We consider the category C/ of all triplets {P,a, Q), 
where P and Q are finitely generated projective A-modules and a is an isomorphism between 
A' ®A P and A' (g)A Q as A'-modules. A morphism between {P, a, Q) and {P' , a', Q') is a pair of 
A-module morphisms g : P ^ P' and h : Q Q' such that 

a' o {Id\> ® g) = {Id\> ®h) o a. 

It is an isomorphism if both g and h are isomorphisms. A sequence of maps 

^ {P', a', Q') ^ iP a, Q) ^ {P" , a", Q") ^ 0, 

is a short exact sequence if the underlying sequences 

O^P' ^P ^P" ^0, and 

^ e' ^ e ^ e" ^ 0, 

are short exact sequences. 
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Definition 1.4. For any ring homomorphism / : A — > A', Ko{f) is an abelian group, whose 
group law we denote additively, defined by the following generators and relations. Generators : 
[{P, a, Q)l where {P, a, Q) is an object in Cf. Relations : (i) [{P, a, Q)] ^ [{P', a', Q')] if{P, a, Q) 
is isomorphic to (P', a', Q'\ (ii) [{P, a, Q)] = [(P', a', Q')] + [{P", a", Q")] for every short exact 
sequence as above, and (Hi) [(Pi,/3o a, P3)] = [(P\,a, P2)] + [(P2>yS, P3)]. 

For the canonical injection, say /, of A(G) in A{G)s, we write Ko{A{G), A{G)s) for Ko{i) and call 
it the relative Kq. We give two other descriptions of this group Ko(A(G), A(G)s)- For details see 
Weibel |[33l . Let C5 be the category of bounded complexes of finitely generated projective A(G) 
modules whose cohomologies are 5 -torsion. Consider the abelian group Ko{Cs) with the following 
set of generators and relations. Generators : [C], where C is an object of Cs ■ Relations : (/) [C] = 
if C is acyclic, and (//) [C] - [C] + [C], for every short exact sequence 

^ C ^ C ^ C" ^ 0, 

in Cs. 

Let 'Hs be the category of finitely generated A(G)-modules which are S -torsion and which have a 
finite resolution by finitely generated projective A(G)-modules. Let KqCHs) be the abelian group 
defined by the following set of generators and relations. Generators : [M], where M is an object of 
'Hs- Relations : (/) [M] ^ [M'] if M is isomorphic to M', and (//) [M] ^ [M'] + [M"] for every 
short exact sequence 

0^ M' ^ M ^ M" ^0, 
of modules in ■ There are isomorphisms 

^:o(A(G),A(G)5) ^ KoiCs), and 

Ko{A{G),A{G)s)^ KoCHs), 

given as follows. First observe that every isomorphism a from A{G)s ®a(G) P to A{G)s ®a(G) Q 
is of the form s~^a with a a A(G)-homomorphism from P to 2 and s an element of S . Then the 
above mentioned isomorphisms are respectively given by 

[(P a, Q)] ^[P^ Q] + [Q^ Q], and 

KPa, Q)]^[Q/a{P)] + [Q/Qs]. 
The relative Kq fits into the localisation exact sequence of ^-theory 

K,{A{G)) ^ K,{A{G)s) ^ Ko{A{G),A{G)s) ^ Ko{A{G)) ^ Ko(A(G)s). 

The homomorphism d maps a in Ki{A{G)s) to [(A(G)", d, A(G)")], where a is any lift of a in 
GLooiA(G)s) and a lies in GLn{A{G)s)- The homomorphism 77 maps {{P,a, Q)] to [P] - [Q\ in 
Ko{A{G)). The following lemma is essentially proven in f4l under the assumption that G has no 
element of order p. The same technique gives this more general result as we now show. 
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Lemma 1.5. The homomorphism d is surjective. 



Proof: We will show that the homomorphism 77 is 0. Fix a pro-/? open normal subgroup P of G, and 
put A - G/P. We write "V = "ViA) for the set of irreducible representations of the finite group A 
over Qp and we take L to be some fixed finite extension of such that all representations in 'V can 
be realised over L. Recall the construction in H of the canonical homomorphism A from Ko(A(G)) 
to Ylpe^ Ko{L). It is the composition /I = /l4 o /I3 o /I2 o /Ij of four natural maps Ai (i = 1, 2, 3, 4) as 
follows 

^1 : ^o(A(G)) ^ ^o(Zp[A]), 
A2 : KoiZplA]) ^ KoiQplA]), 
Aj : ^o(Qp[A]) ^ Ko{L[A]), 
A4 : Ko{L[A]) ^ Y\ KoiMn^iL)) ^ ]~[ Ko{L). 

pe'V psTV 

It can be shown that Ai, A2, and Ai, are injective. Hence A is injective as well. We now recall an 
alternate description of A given in loc. cit. . The augmentation map from Ao{G) to O induces a 
map from Kq{Ao{G)) to Kq{0) which we denote by t. Let ?7 be a finitely generated A(9(G)-module 
having a finite resolution by finitely generated projective A(5(G)-modules. Then one can define the 
class of U, denoted by [U], in KQ{Af){G)). Since O is a domain, ^o(^) can be identified with the 
Grothendieck group of the category of all finitely generated O-modules. Then t is explicitly given 

by ^ 

T{m) = Ys-^)'VHi{G, u)i 



i>0 



T factors through the map 



e : K^iAoiG)) ^ K(){Ao{T)), 
given by the natural surjection of Ao{G) on AoiT). Moreover, e is given explicitly by 

e(m) = Yj'^-mHi{H,U)]. 

i>0 

Now take O to be the ring of integers of L and j be the isomorphism from Kq(0) to Ko(L) induced 
by the inclusion of O in L. Let tWp{U) be defined by U ®z,, O"'', for any p in 'V. It can be made 
into a left G module by the diagonal action. This action extends to make tWp{U) a A(G)-module. 
It is proven in H that tWp{U) is a finitely generated 5 -torsion A(G)-module if U is. 
We now finish the proof. Take [(P, or, 2)] in Kq{A{G),A{G)s)- As remarked earlier, a is of the 
form with a a A(G)-morphism from P to 2 and s is an element of S . We will show that 
{Qla{Py\ is in Ki){A{G)). Put M = Qla{P). Then Hi{H, tWp{M)) is a AoCO-torsion module for 
all / > and thus its class in Kq{Ao(T)) vanishes. Hence it follows that e{{tWp{My\) = 0, whence 
Ti[tWp{M)]) = for all p in But this implies that A{[M]) = and so [M] ^ in KoiA{G)). This 
completes the proof. □ 
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We now explain the basic arithmetic objects attached to Foo/F which will be needed to formulate 
the Main Conjecture. 

Definition 1.6. We say that F^alF satisfies the hypothesis jj. = Q if there exists a pro-p open 
subgroup H' of H such that the Galois group over F^ of the maximal unramified abelian p- 
extension of F^ is a finitely generated Xp-module. 

Of course, this is a special case of a general conjecture of Iwasawa asserting that, for every finite 
extension K of Q, the Galois group over /^'^'^ of the maximal unramified abelian /j-extension of 
K'^^''^ is a finitely generated Zp-module. When K is an abelian extension of Q, this conjecture is 
proven by Ferrero-Washington ITOl . 

Let Mco be the maximal abelian p-extension of F^o, which is unramified outside the set of primes 
above Z. As usual G acts on Gal{Mco/Foo) by g • x = gxg"^, where g is in G, and g is any lifting of 
g to Gal{Moal F). This action extends to a left action of A(G). 

Lemma 1.7. Gal{Moo/Foo) is finitely generated over A{H) if and only if Foo/F satisfies the hypoth- 
esis p = 0. 

Proof: Put X = Gal{Mco/Fca), and let H' be any pio-p open subgroup of H. Thus A{H') is a 
local ring. It follows from Nakayama's lemma that X is finitely generated over A{H) if and only if 
Xh' is a finitely generated Zp-module. Let F-£ denote the maximal pro-p extension of F which is 
unramified outside E, and let Kco = F^ . Then we have the inflation-restriction exact sequence 

^ H\H',%IZp) ^ H\Gal{F^/Koo),Qp/Zp) ^ H\Gal{F^/Foo),Qp/Zpf' ^ H'-{H',%IZp) 

As H' is a p-nAic Lie group, H'{H' ,Qp/Zp) are cofinitely generated Z^-modules for all / > 0. 
Moreover, since Gal{F-z/F) acts trivially on Q^/Zp, we have 

H\Gal{F^IL),%IZp) = Hom{Gal{MdL),%IZp), 

for every intermediate field L with F-z D L D F; here Ml denotes the maximal abelian /^-extension 
of L which is unramified outside S. We conclude from the above exact sequence that Xh' is a 
finitely generated Zp-module if and only if Gal{MK^/Kco) is a finitely generated Zp-module. Let 
Jco denote the maximal unramified abelian p-extension of Kco- Now Kco is clearly the cyclotomic 
Zp-extension of some totally real finite extension K of F, and Iwasawa |15 | has proven the weak 
Leopoldt conjecture holds for Koc/K. It follows easily from the validity of the weak Leopoldt 
conjecture for the totally real extension Kco/K that Gal{Mco/ Jco) is always a finitely generated Zp- 
module. The conclusion of the lemma is now plain since Gal(Jco/Kco) being a finitely generated 
Zp-module is precisely the hypothesis p = 0. □ 

In the view of the lemma, we shall henceforth make the following 

Assumption: Our admissible /j-adic Lie extension Foo/F satisfies the hypothesis p = 0. 
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X - Gal{Moo/Foo) is a fundamental arithmetic object which is studied through the Main Conjec- 
ture. The above lemma shows that X is a 5 -torsion module, however, if G has elements of order p, 
then X may not have a finite resolution by finitely generated projective A(G)-modules. In our ap- 
proach to the proof of the Main Conjecture it is necessary to consider G having elements of order p. 
So we consider a complex of A(G)-modules which is closely related to X, and is quasi-isomorphic 
to a bounded complex of finitely generated projective A(G)-modules. We put C{Foo/F) to be the 
complex 

C(Foo/F) - Hom(RT^r(Spec{OFj^]),qp/Zp),qp/Zp). 

Here Qp/Zp is the locally constant sheaf corresponding to the abelian group Qp/Zp on the etale 
site of S pec{Of^[^]). Since Qp/Zp is a direct limit of finite abelian groups of p-power order, we 
have an isomorphism 

Rrit{Spec{OFj^]),Qp.Zp) ^ RT{Gal{FdFoo),%IZp). 

Recall that F^, is the maximal /^-extension of F unramified outside X. Then H'{C(Fco/F)) is 
unless / is or -1. //°(C(Foo/F)) = Zp and H'\CiFoo/F)) = Gal{Moo/Fao). The following results 
are proven in Fukaya-Kato [12]. 

(/) The complex C{Fco/F) is quasi-isomorphic to a bounded complex of finitely generated pro- 
jective A(G)-modules. By passing to the derived category we identify C{Fco/F) with a quasi- 
isomorphic bounded complex of finitely generated A(G)-modules. 
(//) If F c K c Foo is any extension of F, then 

A{Gal{K/F)) ®A(G) C{Fo./F) ^ C{K/F), 

where A(G) acts on the right on A{Gal{K/F)) through the natural surjection of A(G) on A(Gal(K/F)). 

By lemma [TTtI we know that C{Foo/F) is S'-torsion i.e. A{G)s ®a(G) C{Fco/F) is acyclic. Hence 
we can talk about the class of C(Foo/f ), [C{Foo/F)l in Ko{A{G), A(G)s). 

We now explain the analytic objects in the Iwasawa theory of Fco/F which we need to formulate 
the Main Conjecture. 

Let p be an Artin representation (i.e. kernel of p is open) of Gal(F/F) on a finite dimensional vec- 
tor space over Qp, factoring through G. Let a be an embedding of Qp in C. The resulting complex 
Artin representation a op gives the complex Artin L-function L(a o p, s). A famous result of Siegel 
says that L{a o p, -n) is an algebraic number for any odd positive integer n. This number depends 
on the choice of a. If a is replaced by another embedding then we get a conjugate of the algebraic 
number L{a o p, -n) over Q. However, the beauty of the result of Siegel is that it makes it possible 
to choose a canonical conjugate. Hence we obtain an algebraic number L(p, -n), "the value of 
complex L-function associated to p at -n" . For details see section 1.2 in Coates-Lichtenbaum [5]. 
Similarly, we can define the value of complex L-function associated to p at -n with Euler factors 
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at primes in E removed. We denote it by L^ip, -n). This value obviously depends only on the char- 
acter associated to p. We will use the same letter to denote Artin representation and its character. 

Let L be a finite extension of Qp with ring of integers O. Let p be a continuous homomorphism from 
G into GL„{0). It induces a ring homomorphism from A(G) into M„{AoiT)). This homomorphism 
is given on elements of G by mapping cr in G to p{o-)&, where o" is the image of cr in F. We write 
Qo(y) for the field of fraction of It is proven in H that this homomorphism extends to a 

homomorphism 

% : A(G)5 ^ Mn{Qo{T)). 

Op induces a homomorphism 

(&; : K,{K{G)s) ^ ^i(M„((2o(r))) = QoiTf ■ 

Now let if be the augmentation map from Ko(T) to O. We denote its kernel by p. If we write 
A(9(r)p for the localisation of A(5(r) at the prime ideal p, then ip extends to a homomorphism 

ip : Ao(r)p L. 

We extend this map to a map ip' from Qo(J^) to L U {00} by mapping any x in Qo(J^) - ^o^)v to °°- 
The composition of O^ with ip' gives a map 

^i(A(G)s)^LU{cx,} 
X i-> x{p). 

This map has the following properties: 

(/) Let G' be an open subgroup of G. Let x be an one dimensional representation of G' and 
p = Ind^,(x). If is the norm map from Ki{A{G)s) to Ki{A{G')s), then for any x in Ki(A(G)s), 
x(p) - N{x)(x). 

(ii) Let p, be continuous homomorphisms from G into GL„.{L), for / = 1,2. We then get a contin- 
uous homomorphism pi © p2 from G into GLn^+^^i^). Then for any ;c in A'i(A(G)5), x{pi ® P2) = 

X(pi)x(p2). 

(///) Let [/ be a subgroup of H, normal in G. Let n be the homomorphism from Ki(A(G)s) to 
Ki{A(G/U)s) induced by the natural surjection of A{G)s onto A{G/U)s- Let p be a continuous 
homomorphism of G/U into GLn{L). We write inf{p) for the composition of the natural surjection 
from G onto G/?7 with p. Then for any x in A'i(A(G)5), x{inf{p)) - n{x){p). 

Notation: Let kf be the cyclotomic character from Gal(F(jjp'^)/F) into given by 
for any cr in Gal{F{fipoo)/F) and any 7? power root of unity 
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Conjecture 1.8. There exists ^(Fco/F) in Ki{A{G)s) such that for any Artin character p of G and 
any positive integer r divisible by p — \, 

aFeo/F)(p4) = L^ip, 1 - r). 

Remark 1.9. ^(Foo/F) is called a p-adic zeta function for the extension Foo/F. It depends on S 
but we suppress this fact in the notation. It is also conjectured that p-adic zeta function is unique 
if it exists. IfG is abelian then existence and uniqueness of the p-adic zeta function is well known, 
as we will soon see. 

We are now ready to state the Main Conjecture. Recall the localisation sequence of /^-theory 

K,{K{G)) ^ Ky{K{G)s) ^ Ko(A(G),A{G)s) ^ 0. 

Conjecture 1.10. (Main Conjecture) There is a unique element ^(Fco/F) in Ki{A{G)s) such that 
d{^{FcalF)) = -[C{Foo/F)] and for any Artin character p of G and any positive integer r divisible 
by p - \, 

aFco/F){pK'p) = L^(p, 1 - r). 

Remark 1.11. The Main Conjecture in this form was first formulated by Kato l[16\l . and Fontaine 
and Perrin-Riou KLPil in the case when G is abelian. This was generalised to include noncommu- 
tative groups G by Burns and Flach [I ], Huber and Kings [14], Coates et.al. [4], and Fukaya and 
Kato [22]. Ritter and Weiss [24] considered the case of one dimensional p-adic Lie groups. 

Remark 1.12. Of course, the Main Conjecture contains conjecture \1.8\ 

Remark 1.13. One can show that the validity of the Main Conjecture is independent ofl, as long 
as it contains all primes ofF which ramify in Foo- 

1.2 The commutative case 

We now assume that G is abelian. In this case conj ectures 11.81 and 1 1 . 1 01 are known to be true thanks 
to the deep works of Kubota-Leopoldt, Iwasawa, Deligne-Ribet, Mazur- Wiles, and Wiles, among 
others. Though all the results in this section are well-known, we collect them as we need them 
later. First we introduce some notations. As G is abelian, we have G = H xF. We also assume 
that // is a finite group. Of course, if the Leopoldt conjecture is true for F and p, then H has to be 
finite. The isomorphism G = H xT gives an isomorphism of Ao{G) with = <9[//][[r]], the power 
series ring in the indeterminate T with coefficients in 0[H], obtained by mapping ytoT+l (recall 
that y is the fixed topological generator of F). For a pro-finite group P, we put P for the set of all 
one dimensional ;?-adic character of P of finite order. For any ifr e H, we put (3,^ for the ring of 
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integers in the field obtained by adjoining all the values of t// to Qp. We consider i/*^ as a character 
of G by using the surjection of G onto H. We write if/ for the homomorphism 

A(G) ^ Ao/r) - O^IT]], 

induced by cr i-^ il/{cr)&, for every cr in G. Here a denotes the image of cr in Y. If r is a positive 
integer divisible by p - 1, then /c^ is a continuous homomorphism from T to Z^. For any / e Ao^(r), 
we can evaluate / at a-^ to get /(/c^). We remark that /(/cj^) is traditionally written as K^df or 
/c^(/) in commutative Iwasawa theory (see for example Coates-Sujatha fj]). We are following the 

notation of [4]. Under the isomorphism Ao^iY) — > (9|/,[[r]], the compatibility of evaluation at Kp 
is given by 

The following statements are known to be true: 

(/) Let (A be an element of G. Let be the fixed field of the kernel of if/. Following Greenberg, if/ 
is called of type W if F^;, c F'^'^. Then there exists a power series G^xiT) in C?i/,[[r]] such that for 
every positive integer r divisible by - 1 , we have 

G,,x(4(y) - 1) 

= Ly((/c, 1 - r), 

where H^{T) is the polynomial if/{y){T + 1) - 1 if i/^ is of type W and is 1 otherwise. 
For F = Q, this was first proven by Iwasawa, following the work of Kubota-Leopoldt. For a totally 
real quadratic extension F of Q, this was proven by Coates-Sinnott [6| using the explicit formulae 
of Siegel for values of partial zeta functions at non-positive integers. Coates 1 3 1 gave certain hy- 
pothesis, in terms of congruences between the values of partial zeta functions, which gives G^xC^) 
in general. These hypothesis were proven by Deligne-Ribet iQ, and also by Cassou-Nogues ||2l. 
Deligne and Ribet used p-adic Hilbert modular forms to construct G^xC^) generalising the work 
of Serre [26 1 who constructed G^xC^) for the case when tA is a power of Teichmiiller character. 
Cassou-Nogues used explicit formulae of Shintani [29] to prove the hypothesis of Coates. 
An element / in the field of fractions of A(G) is called a pseudomeasure if {g-V)f lies in A(G) for 
every g in G. Serre's account [28 ] of the work of Deligne and Ribet shows that there is a unique 
pseudomeasure ^(Fca/F) such that for every if/ e G,v/e have 

G^xiT) 



mFc./F)) 



(ii) Let if/ e H. Put V = Qp Xz X. Then V is a finite dimensional Qp vector space (this fol- 
lows from lemma 11.71 but is known to be true, due to Iwasawa, even without the assumption 
yu = for F CO fF). Let h^{T) be the characteristic polynomial of (y - 1) acting on the space 
= {v e V : hv = if/{h)v for all h e H]. If f{T) is any power series in 0|/,[[r]], then by Weier- 
strass Preparation Theorem we can write f{T) as K^'^^^f*{T)u{T), where tt is a uniformiser of O^, 
f*{T) is a distinguished polynomial and u{T) is a unit in (9|/,[[r]]. Then we have 

h^{T) - G*^j^{T) (Iwasawa Main Conjecture). 
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This is the Iwasawa Main Conjecture for totally real number fields. This was formulated for F = Q 
by Iwasawa, and extended to arbitrary totally real number fields by Coates 131 and by Greenberg 
lfT3l . For F = Q this conjecture is proven by Mazur- Wiles (W] after deep results in this direction 
by Iwasawa. The general result is proven by Wiles Ii34,| . For F = Q_, Rubin |J9il gave another proof 
using Kolyvagin's technique of Euler systems. 

We state an important result about the yu invariant. Let i// e H he of order prime to p. We write X'^ 
for 

(X 0^)'^f'> --{xeX 0^:crx^ ilf{(T)x for all a € H}. 

Then X'^ is a finitely generated torsion (9|^[[r]]-module. Structure theory of such modules gives 
a characteristic power series which in this case has a form TT^'^^'^h^iT). And Wiles ((Ml, th. 1.4) 
shows that 

KXf) = KG^^^iT)). (1) 
Hence our assumption fx = shows that both these quantities are 0. 

These deep results immediately imply the Main Conjecture in the abelian case, as we sketch below. 

Lemma 1.14. Let Foo/F be an abelian admissible p-adic Lie extension satisfying the hypothesis 
- 0. Then the p-adic zeta function ofDeligne and Ribet, ^(Foo/F), is a unit in A{G)s- 

Proof: We write H as H' x Hp, where Hp is the ;?-part of H and H' is a finite group whose order 
is prime to p. Note that A(G)s in this case is just the locahsation at the prime ideal (p), generated 
by p. We have the following decomposition of A(G)(p) 

A(G)(p) ^ Zp[H' xHp][[T]\p) ^ %eH'0^lHp][[T]],^, 

where is the ideal in (9|/,[//p][[r]] generated by a uniformiser in O^. We must show that the 
image of ^(Fco/F) in each summand is a unit. But each summand 0^[Hp][[T]]p^ is a local ring 
with maximal ideal 

m^ixe 0^[Hp][[T]]^^ : e p^}. 

Hence we must show that 

But is none other than the power series G^x^T^) which does not lie in p,^ by the above remark 
about Wiles' result on the /i invariant (see equation [Hi. □ 

Consider the complex - (5i/,[[r]]®A(G)C(Fco/i^). C,/, is a bounded complex of finitely generated 
projective (9|^[[r]]-modules and is ((9|/,[[r]] - p^)-torsion. Hence we can talk about the class of 
C^, [C,/,], in A'o((9|/,[[r]].(9|^[[r]]p^). In fact \C^^ is the image of [C{FoolF)\ under the natural map 

Kq{K{g),k{g\p)) ^ Ko{0^\_m},o^vvr^\,). 
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It is also easy to see that H'(C^) is unless ? = or j = -1 and H^(C^) = 0^[[T]] ®a(G) (which 
is unless ij/ is trivial), and H~^(C^) - 0,/,[[T]] ®a(G) ^■ 

We also make the following observation. If 7 is a finitely generated 0^[[r]]-module which is 
(C)^[[r]] - Pi^)-torsion, and if / is a characteristic power series of Y, then / Ues in 0^[[T]]^^. The 
class of Y in Kq(0^[[T]1 0^[[T]]j,^) is given by [(Y, 0, 04[T]yO^[[T]]f)] and / maps to the class 
of Y under the connecting homomorphism 

d : KdO^[[T]\^) = 0^[[T]]l ^ KoiO^miO^m],^). 

The image of ^{Foo/F) under the natural map from A(G)(p) to C>^[[r]]^^ is Notice that 

Hij,{T) is 1 unless iff is trivial (in which case it is T). Since 0,i,[[r]] ®a(G) ^ is a finitely generated 
Zp-module (thanks to our assumption that )U = for Foo/F), h^(T) is a characteristic power series 
of <50r[[r]] 8)A(G) X. Using Wiles' theorem i.e. Iwasawa Main Conjecture, we conclude that 

dm(Fo./F))) = -[Q]. 

Theorem 1.15. (Wiles) Let Foo/F be an abelian admissible p-adic Lie extension satisfying the 
hypothesis /u -0. Then under the connecting homomorphism 

d : Ki(A(G\p)) = A(G)fp) ^ Ko(A(G), A(G\p)), 

^(Foo/F) maps to -[C{FoolFy\ i.e. the Main Conjecture holds in the case when G is abelian. 

Proof: Consider the following commutative diagram with exact rows and columns 







•A(G)> 







KoiAiGXAiG)^))- 



-^0 



"tl Ko(0^[[T]].0^[[T]]^^) > 



— ^no^mr- 

where the products range over all ifr in H. The morphisms and ^5 take x to (ijf(x))^. We now 
show that 9o is injective. The image of (resp. ^5) consists of all tuples (a^) in n(ir^5,ir[[r]]^ (resp. 
n^0^[[7^]]p,) such that 



heH ^eH 



lies in Zp[H][[T]r (resp. Z,,[H][[T]]^^^). Now is it easily seen that if an element x in Zp[H][[T]] 
has image in Ylip^H^i/'^^^^^^' ^ must actually he in Zp[H][[T]]^ . Hence we conclude that 

Imageids) n ]~[ 0^[[T]f = ImageiO). 



(P) 
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Snake lemma now gives that is injective. The result now follows because 

diil^iaFoo/F))) - -[Q] for all i/,eH, and 
eo{[C{Foo/F)]) - ([QIV. 

□ 

1.3 A proposed strategy for proving the Main Conjecture 

1.3.1 Ki groups 

It is evident that computation of Ki groups of A(G) and A{G)s is of great importance in Iwasawa 
theory. If G is abeUan, Ki{A{G)) = A(G)'' and Ki{A{G)s) = A(G)^ and hence are well under- 
stood. In flTl . Kato suggested studying these Ki groups for a noncommutative group G through its 
"abelian subquotients". More precisely, let {U, V) be a pair such that U is an open subgroup of G, 
V is an open subgroup of H and a normal subgroup of U such that U/V is abelian. Then we have 
a homomorphism 

eu,v ■ Ki{A{G)) ^ Ki{A{U)) ^ Ki{A{U/V)) - AiU/Vf, 

where the first map is the norm homomorphism and the second map is the one induced by the natu- 
ral surjection of A{U) on A{U/V). Let / be a set of such pairs (U, V). Consider the homomorphism 

Oi := {9u,v)(u,V)ei : K,{A{G)) ^ Y\ AiU/Vf. 

{U,V)eI 

By taking / sufficiently large we may hope that 9j is injective and at the same time describe its 
image. In 1 17 1, Kato implemented this strategy to get a description for open subgroups of Zp x Z^. 
The proof is rather technical and long. Later Kato himself outlined a much more elegant approach 
to this question using the integral logarithm of Oliver and Taylor (See Oliver, 11211 ). and a student 
of Kato gave a generalisation of the result of [17] via this method. Kato (unpublished, flSl) also 
applied this technique to the case when G is a quotient of the p-adic Heisenberg group. We also note 
that homomorphisms analogous to 9uy and 6j (which we denote by 6uxs and 9j s respectively) 
can be defined on K\ (A(G)s ) and some results about these maps are also established by Kato in 
pTl and [18 1. In this paper we compute Ki{A{G)) and give some results about Ki{A(G)s) in the 
case when G = H xY, with H a finite abelian p group. 

1.3.2 A key observation 

Kato, following a beautiful observation of Bums, suggested the following strategy for proving the 
noncommutative Main Conjecture. This result uses the deep result of Wiles. 
We assume that there is a set / of pairs (U, V) as above such that: 

CI) For any Artin character p of G, there is a finite family {{Ui, V,)} in / and one dimensional Artin 
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character of UilVi such that p is a Z-hnear combination of Ind'^Xi- 

C2) There is a subgroup <^ of Y[(uy)ei MU/V)^ such that induces an isomorphism 

e : Ki{A{G)) O. 

C3) There is a subgroup % of U(u,v)ei MU/V)^ such that % n ]!(£/, i/)e/ A(?7/y)^ = O and 

05(i^l(A(G)5))C%. 

Proposition 1.16. (Burns, Kato) Let Fco/F be an admissible p-adic Lie extension satisfying the 
hypothesis // = 0. Suppose we have an I which satisfies CI), C2) and C3) above. Then the Main 
Conjecture is true for Foo/F if and only if {^{F^/ F^)) € O^. 

Proof: If the Main Conjecture is true then, in particular, ((Fco/F) exists and Gsi^iFca/F)) = 
(duxsi^ (Foo/F))) e O5. duxs{^(F^/F)) - ((F^/F^) because both agree when evaluated at con- 
tinuous homomorphisms of U/V. Hence (((F^/F^)) e *Fs. 

Conversely, assume that (aF^/FZ)) lie in % . Take any / in Ki(A(G)s ) which maps to -[C(Fco/F)] 
under the connecting homomorphism d. We write fu,v for 6u,v,sif)- Then (fu,v) lies in O5 by C3). 
On the other hand, under the natural homomorphism 

Ko(A(G),A(G)s) ^ Yl^o(MU/V),A(U/V)s), 
I 

[C(Foo/f )] maps to ([C(F^/Fg)]). Hence we have 

d(fu,v) = -[C(FI/fZ)1 

for every (U,V) £ /. From theorem [1.151 we have that 

d(aFl/F^)) = -[C(FI/fZ)1 

for every (U, V) £ /. Hence f^^y^Fl/F^) lies in A([//y)^ As (f^]yC(Fl/ F^)) also lies in %, 
C3) gives that 

{fu]vi{Fl/Fl)) £ d). 
Now C2) gives a m in K\(A(G)) such that 

d{u) = (f^\,i:(Fl/Fl)). 

Now observe that the natural map from ^1 (A(G)) to ^1 (A(G)s ) is an injection by our assumption 
that 9 is an isomorphism. We identify K\(A(G)) with its image under this injection. We claim that 
uf is the ((Foo/F) which we require. Clearly, d(uf) = -[C(F 00 / F)]. The interpolation of L- values 
is guaranteed by CI). Let p be an Artin character of G. We have 

p - 2] nilnd^pci. 
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Then for any positive integer r divisible by p - 1 , we have 

aF^IF)(pK'p) = Y]aFoo/F)iInd%(xiKr 

i 

= Y[^{FoolF){lnd'(,^{XiK'^,^)f- 

i 

= \\{aFl!>IF''^)(XiK'^,X' 

i 

= Uip, 1 - r). 

We now prove the uniqueness of ((Fco/F). Assume that there is a ^ which satisfies the con- 
ditions of the Main Conjecture. Then ^~^({Fco/F) lies in Ki{A{G)). It is easy to check that 
duxsiO - CiF^ilF^), for all {U,'V) € /, using the uniqueness of the p-adic zeta function of 
Deligne and Ribet. Therefore 9{C^^{Foo/F)) = (1), giving ^{F^/F) = ^. □ 

Remark 1.17. In actual attacks on these problems, O, and <1>5 are described by certain con- 
gruences. Hence to prove the noncommutative Main Conjecture we would need to prove certain 
congruences between abelian p-adic zeta functions. This strategy was implemented by Kato in 
I118\I to prove the noncommutative Main Conjecture for p-adic Heisenberg type extensions. In this 
paper we predict congruences for extension of the type G - H xi T, with H is a finite abelian p 
group. However, at present we can prove these congruences only in a special case ( see section |?] 
for details). 

1.4 Results proven in this paper 

The strategy proposed in the previous section has two ingredients. Firstly, an algebraic ingredient 
i.e. existence of some set / such that CI), C2), and C3) are satisfied. Secondly, a number theoretic 
ingredient i.e. {((F^/F^)) lies in (^s ■ In this paper we paper we provide the algebraic ingredient 
when G = H xT, with H a finite abelian /j-group i.e. we show existence of / such that CI), C2), 
and C3) are satisfied. The subgroups <!> and O5 are described by certain congruences between the 
components of elements in Yli /V) and Yli ^iU/V)s respectively. Hence this result predicts 
congruences between abelian /^-adic zeta functions ((F^/F^) of Deligne and Ribet. We prove 
these congruences under a technical condition on the group G. We call the groups satisfying this 
condition the groups of special type (see definition 14.21) . Hence we get a proof of the Main Conjec- 
ture for extensions of these type. 

In section 5 we consider groups G of the form H xY, with H an abelian compact ;?-adic Lie group 
which is pro-p. We write G as limG/Uk, with each Ut being an open subgroup of H, normal in 
G. Hence each G/Ut is a compact p-adic Lie group of dimension 1 and of the form H/Ut » T. In 
section 5, using our main theorems from section 3, we prove that validity of the Main Conjecture 
for F^^ IF, for each k, implies the Main Conjecture for the extension Fco/F. Combining this result 
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with our proof of the Main Conjecture for extension of special type we get proof of the Main 
Conjecture in many interesting cases (for example Zp xi Zp -extensions). Some examples of groups 
of special type are discussed in the last section. 

2 Algebraic Preliminaries 

We use the following notations: Recall that jc is a fixed odd prime. Let G be a compact p-adic Lie 
group which is pro- p. Assume that G contains a finite abelian subgroup H such that T := G/H 
is isomorphic to the additive group of /j-adic integers Zp. We write T multiplicatively and fix a 
topological generator y of T. We have an exact sequence 

O^H^G^T^O, 

which splits. A splitting F ^ G is given by taking any lifting y of y in G and extending it 
continuously. Also, T acts on // as y • /j = yhy~^. As H is abelian this action is independent 
of the choice of lifting y of y. This gives an isomorphism of G with H xT. For any integer / > 0, 
we put F^'^ for F'^ . As // is a finite group, an open subgroup of F acts trivially on H. We fix such 
an open subgroup F^''^ For a nonnegative integer /, we write G,- for the subgroup H x F*'^ of G and 
put Hi for Ho{T^'\ H) - HI{yP' - l)H. Then Gf, the abelianisation of G,-, is given by Hi x T^'\ 

2.1 Iwasawa algebras and their localisations 

In this section we collect some basic results about Iwasawa algebras of G;. We show that it is 
enough to localise at a smaller, central, multiplicatively closed subset to get A{G)s ■ We need to 
take the p-adic completion of A{G)s , denoted by A(G)s , in order to define the logarithm. As H 
is finite, we shall explain that A(G) is a crossed product of Iwasawa algebra of a central open 
subgroup and a finite quotient of G (see definition 12.31 and lemma [Z41 ). We prove a similar result 
about A(G)s and its /j-adic completion. In this section / will always denote an integer such that 
<i<e. 

2.1.1 Ore subsets of Iwasawa algebras 

Recall the subset S , defined in the introduction: 

Si = {s e A{Gi) : A(G,)/A(G,)5 is a finitely generated Zp - module}. 

As mentioned earlier, it is proven in f4l that Si is a multiplicatively closed subset of nonzero 
divisors in A(G,), and is a left and right Ore set. Proposition 2.6 in loc. cit. shows that in our case 
Si is just the pre-image of all nonzero divisors in A(G,)/pA(G,). Let S denote the set A(F^'^^) - 
pA(T^^''). S is clearly a multiplicatively closed subset of nonzero divisors in A(G,). As S is central 
it is trivially a left and right Ore set. The injection of S in 5, gives an injection of A(G,)s in 
A{Gi)sj- We show that tliis map is also surjective. 
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Lemma 2.1. The natural injection of K{Gi)i~ in A{Gi)si actually an isomorphism. 

Proof: Note that A(G;)e = A(r<''))s ®A(r(^)) A(G,)- We first show that 

e(A(r«)) ®A(r(.,) Aid) = Q{A{Gi)), 

where QiR) denotes the total ring of fractions of a ring R. Note that we have an injective map 

!2(A(rW)) ®^(r«) A(G,-) ^ Q{A{Gi)). 

Now Q{A(Y^^^)) is a field and A(G,) is a free A(r^''^)-module of finite rank (equal to the index of 
r'^''^ in Gi). Hence Q(A(r^^^)) ®A(r<^)) ^(^r) is an Artinian ring. Thus every regular element in it 
is invertible. A(G,) is contained in 2(A(r^'^^)) ®A(r(<')) ^(Gi) and every regular element of A(G;) 
is invertible in e(A(r(^))) ®A(r(.)) A{Gi). Hence QiAiY^"^)) ®A(r(.)) A(G,) Q{A{Gi)) must be 
surjective. Hence any element x in A(G,)5, c 2(A(G,)) can be written as y with a in A(G,) and t a 
nonzero element in A(r^'^)). If t Ues in p''A(Gi), then fjc = a lies in /7"A(G,)s.. On the other hand 
a also lies in A(G,). Hence a lies in p"A(Gi). Thus we can divide the largest possible power of p 
from t and the same power of p from a and x can be represented as y , with a in A(G,) and f in £. □ 

We recall the p-adic completion of A(G)s, 

A-CGTs := lim A(G)s/;?"A(G)s. 

n 

We denote the Jacobson radical of any ring R by JiR). The following result in proven in Q. 
Corollary 2.2. Some power of J{A{G)q) (resp. J{A{G)q)) is contained in pA(G)Q (resp. pA(G)s)- 



Proof: We prove both assertion simultaneously. For a pro-finite group P, let Fp[[P]] denote the 
Iwasawa algebra of P with coefficients in Fp, i.e. Fp[[/']] = lim¥p[P/U], where U runs through 
the set of open normal subgroup of P. We have the following short exact sequence 

- '-^T^ - '-^^ - e(F,[[G]]) - G(F,[[r]]) ^ 0. 

Write / for = We must prove that / is a nilpotent ideal. Let be kernel of the 

pA(0)s pA(G)s 

natural map from Fp[[G]] to Fp[[r]]. Let Ih be the kernel of the augmentation map from ¥p[H] to 
Fp. Then N is Fp[[G]]/// and as // is a finite /j-group, 

A^" - Fp[[G]]/^ = 0, 

for some positive integer n. By the lemma, we can write any element x of 2(Fp[[G]]) as j with a 
in Fp[[G]] and f is a nonzero element in Fp[[r]]. It is clear that x lies in / if and only if a lies in N. 
Since t is central, we deduce that J is nilpotent. □ 
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2.1.2 Iwasawa algebras as crossed products 

Definition 2.3. Let R be a ring and II be a finite group. Then a crossed product /? ★ IT o/ IT over 
R is an associative ring which contains R and has as an R basis the set li, a copy ofYl. Thus each 
element ofR -k IT is uniquely expressed as a finite sum ^jneii with r„ e R. Addition is defined in 
the obvious way and multiplication is defined by following rule: for n\ and 7:2 in IT we have 

where t : YlxYl ^ R^ is called twisting map. We assume that R commutes with elements of II. 

We now express A(G) (resp. A(G)s and A(G)s) as crossed product of G/T^"'' over the ring A(r(^)) 
(resp. A(r^''^)s and A(r('^))s). To this end we fix the following set of coset representatives of T'-"^ 
inG 

C - {hy" : with h e H andO < a < p' - I}. 

There is a bijection between C and G/T^^\ C is our copy G/F^^) of G/T''''^ in the definition of 
crossed product. Now the twisting map, 

T : G/r^'^ X G/r^'^ r^''> c A{r^'Y c c Acf^r)^'', 

is obvious. ihiy"\h2y"~) yai+a2-[ai+a2] g fjej-g [^] the smallest nonnegative integer such 
that k = [k]{mod p'^). Note that t(ti\,ti2) - T(7r2,7ri) i.e. t is symmetric. 

Lemma 2.4. With the twisting map as above, A(G) (resp. A{G)q and A{G)q) is isomorphic to the 
crossed product A{Y^''>) ★ {G/Y^''>) (resp. A(r(^))s ★ {G/r^''>) and A(fW)s ★ {G/Y^'^)). 

Proof: Note that Zp[G/Y^''^] is isomorphic to the crossed product ZplY^'^yY^'"''] ★ (G/Y^'^^), for ev- 
ery integer k > e and these isomorphisms are compatible with natural projections. Hence the 
lemma. □ 

Remark 2.5. Similar result holds for Gj and G"^. Analogous statement for these groups is clear 

We introduce another object that we require in section fL2\ For any ring R, let [R,R] denote the 
additive subgroup of 7? generated by elements of the form ab - ba, for all a and b in R. We write 
T(R) for R/[R,R]. For a finite group P, we put Conj{P) for the set of conjugacy classes of P. We 
need the following trivial 

Lemma 2.6. T{A{G)) (resp. T(A(G)s) and T{A(G)e)) is a free A(Y^''>) (resp. A(Y^''>)q and 
A(F(''))sj module of finite rank with a basis given by the set of conjugacy classes ofG/Y'-''\ 

Proof: Note that a = bab~\mod [A(G), A(G)]) for any a and b in G. Take any x in A(G). Write 
it as TjiieG/r(-^^hh. Therefore image of x in r(A(G)), denoted by x is TjCeConj{G/rM)(Tjhec ^h)C. 
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Hence conjugacy classes of GIY'^"^ generates T(A(G)). Now we prove the linear independence of 
conjugacy classes. If ZceConyCG/rW) JcC = in T(A(G)), then 

^ ychc = ^ Ziiaibi - biUi) 

C€Conj(G/r(«^) 

in A(G), where he is any element in C. Now notice that we may assume that a, and bi are in G/Y^^^ 
because r is symmetric. Then it is easily seen that yc -0 for every C. The proof for r(A(G)s) and 
r(A(G)s) is exactly the same. □ 



2.1.3 Relations in subquotients of G 

Results in this subsection are essentially trivial but we collect them for convenience of use later. 

Lemma 2.7. Two elements hiy"^ and ^27"^ ofG are conjugates if and only if the following holds: 

1) a\ = a2 ='■ a and 

2) if a = then there is a k e Zp such that h2 - y^hiy'^ or if a e p'Zp but a ^ p''^^Zp, then there 
isake {0, 1,2,..., (p' - 1)} such that ^i/Zi]" V"*" e (r''' - 1)^- 

Proof: Any element of G can be written as hy^ with h e H and b eZp. Then 

h/ihiy"')y-''h-^ = {^hiy-^){h-f'h-^). 

Let X ^ hy^h''^. Then 

xy-^i = hiy^h-^y-"') = y^h'^y-^'h. 

Hence x e (y^' - l)Hy"^. For the first term, write b - k + p'bi, with k e {0,1, . . . , p' - 1} and 
bieZ'^. Then 

y'^hiy-'' = y'''P'{y''hiy-'')y-'"P' = (//iir"'=)[/"''(//iir"'^)r"^'^'(//irV'^)] e iy'^hy-'^XyP' -l)H. 
Hence the lemma. □ 
Lemma 2.8. Let a eZp be such that a e p'Zp - p''*'^Zp. Then for any h e H, 

[hiy^hy-^Xy^^y-^") ■ ■ ■ (y^P-^'^hy-^P-^^")] = [hiyP' hy'P' )iy^P' hy'^P' ) ■ ■ ■ iy^P-^'>P' hy'^P-^'>P')] 
in G"*j. Here and hereafter [•] will denote the equivalence class in the relevant space. 

Proof: a and p' generate the subgroup of order p in ZIp^'^^Z. Hence for every < i < p - \, 
there is a unique < ji < p - I such that ia = jip'(mod p''^^). The result follows as G?^j = 
(H/(yP"' - l)H) X r('+i). □ 
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Lemma 2.9. Let p be any irreducible Artin representation of G (i.e. which factors through a finite 
quotient of G). Then p is obtained by inducing a one dimensional representation of H x r'-'\ for 
some < i < e. 

Proof: Assume that p factors through G/T^-f^ = H » T IT^f\ We may and do assume that f > e. 
Then it is proven in Serre [27], proposition 25, that the representation p of G/F^^^ is induced from 
a one dimensional representation of G x F^'Vr^^^ for some < / < e. □ 



2.2 Logarithm and integral logarithm on 

The first aim of this section is to construct the logarithm and the integral logarithm maps on K\ 
groups of A(G) and A(G)e. This is a natural extension of the integral logarithm of Oliver and 
Taylor to the setting of Iwasawa theory. The first use of integral logarithm in non-commutative 
Iwasawa theory is due to Ritter and Weiss ll25l . Of course, the integral logarithm was first used in 
the commutative Iwasawa theory by Coates-Wiles for defining the "Coates-Wiles homomorphism" 
(see Washington f32l). The use of integral logarithm was suggested to us by Kato. In the second 
part of this section we study the behaviour of integral logarithm with respect to norm homomor- 
phism on Ki groups. We follow Oliver and Taylor |[22ll for this. We generalise theorem 1.4 in Il22ll 
to our setting. In this section we crucially use that r is symmetric. 

2.2.1 Logarithm on Ki (A(G)) and Ki (MOje) 

For this subsection R will be either A(F^''^) or A(F(^)),3. In this section, following R. Oliver (f^ll, 
chapter 2), we construct logarithm on Ki{R ★ (G/F^^^)). We introduce some notations. Throughout 
this subsection let 5R denote the ring R ★ (G/F^^)) and let J be the Jacobson radical of 9?. We put 91q 
for Q®9? and put /q for Q® /, for any ideal / of 9?. Let [9?q, /q] be the additive subgroup generated 
by elements of the form ab - ba for all a in 9?q and all b in Iq. Recall GLoo(9?) is the union 
U^'^jGL„(9?). Let £(9?,/) be the smallest normal subgroup of GLoo(9?) generated by elementary 
matrices E'. j (i.e r in the /, jth position, with / i= j, all I's on diagonal and everywhere else), with 
r e I. We write GLoo(9t,/) for kernel of the natural map from GLco(9?) to GLoo(9?//). We define 
^i(9?, /) to be the quotient GLoo(9?, /)/£'(9?, /). It is a well known fact from algebraic /T-theory that 
this is an abelian group (see, for example, [21] ). Let 



Lemma 2.10. (1) Let I c J be an ideal ofil. Then for any u, vin\+ /, Log{u) and Log{v) converge 





in Iq and 



Log{uv) = Log{u) + Log{v){mod [9?q,/q]). 
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(2) Assume that I is an ideal o/J? contained in p9?. Then for any u, v in \ + I, Log(u) and Logiy) 
converge in I and, 

Logiuv) = Log{u) + Log(y){mod [5^,/]). 

(3) Assume again that I is an ideal of^ contained in p9?. Then for any x,y in I, Exp{x) converges 
in 1+7. Log and Exp are inverse bijections between I and 1 + 7. Moreover, Exp{[^, I]) c £"(91, 7) 
and 

Exp{x + y) = Exp{x)Exp(y){mod £'(9?,7)). 

Sketch Proof: (For details see lemma 2.7 in [21]) 7? is a local ring. Put m for the maximal ideal 
of 7?. 7? is complete with respect to m-adic topology. Then //m"9l is a nilpotent ideal in '3?/m"'3?. 
Therefore, u"/n converges to as n tends to infinity. Hence Log(u) and Log(v) converge in 7q. 
When 7 c it is easy to see that 7" c n\I^, with k going to infinity with n. Hence Log{u) 
converges in 7 for any m e 1 + 7 and Exp{x) converges in 1 + 7 for any x in 7. We now show the 
congruences. We set 

U{I)= y — ^[7'",7"]c[5?q,7q]. 
^—^ m + n 

m,n>l 

we will show that 

Log{{\ + x){l + y)) = Log{\ +x) + Log{\ + y) {mod U{I)), 

for any x,y in 7. When 7 c p'ii, U{I) c [9t,7], hence this will show both (1) and (2). For each 
n > 1 , we let W,, be the set of formal ordered monomials of length n in two variables a, b. For 
w €W,„ set 

C{w) = orbit of w in W,, under cuclic permutations. 

k{w) = number of occurrences of ab in w. 

r{w) - coefficients of w in Log{\ + a + b + ab) = Zflo^-l)""'"^ 

If w' € C(w), then it is clear that w{x,y) = w'{x,y){mod [7', 7-']) for some i,j > 1 such that 
i + j - n. So 

DO OO 

Logil + x + y + xy) = Y^ ^ r(w)w(x,y) = ^ ^ ( ^ r{w'))w{x,y)(mod ?7(7)). 

n=l weW„ n=\ weWnIC w'eCw 

Let k = max{k(w') : w' e C{w)}. Let \C{w)\ = n/t. Then C{w) contains k/t element with exactly 
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{k - 1) ab's and {n - k)/t elements with k ab's. Hence 

k 



z K.'.=iz<-»-'-';;^(("-«(^f;')) 

w'eC(w) i=0 ^ ' ^ ' 



i=Q 

\n-l 1 



which is unless ^ = 0, in which case it is equal to (-1)" Thus 

Log{\ +x + y + xy) = V (-l)""^f— + — ) - Log{\ + x) + Log{\ + y) {mod U{1)). 
^ ^ n n ' 

n=\ 

We now prove the remaining part of (3). Exp and Log induce bijection between / and 1+7. Hence 

Log(Exp(x)Exp(y)) = x + y (mod U{I)), 

which gives Exp{x)Exp(y)Exp{x + y)~^ c Exp{U{I)) c Exp{\%,I\). Hence we only need to prove 
that Exp{\y{,I\) is contained in E(^,I). Choose a /?-basis {[^'i, vi], . . . , [^m^Vm]) of [5R,/], with 
Si 6 9t and v; € I. Let x = Y!i=i (^iVst, v,] be an element in [9?, /]. Define 

m 

(=1 

By Vaserstein's identity ( 11211 . theorem 1.15), i}/{x) lies in E(%,I). For any u in Exp{p\%,I\), we 
define a sequence xq,x\,..., given by 

xo = Log{u) e pl'H, /]; Xi+i = Xj + Log{ilf{xir^u). 

Then 

= u, Xj+i = XiQnod /]). 

Hence u = t]j{limi^^Xi) e EC^iJ). And it can be shown that Expi[%I]) c Ei%r)Expip[^,I]). 
(See lEB, lemma 2.7 for details). □ 

Theorem 2.11. Let I <z J be any ideal of^. Then Log{\ + x) induces a unique homomorphism 

log:Ky{%I)^q^ziI/[%I]). 
Furthermore, ific then the logarithm induces an isomorphism 

log :Ki(%I)^ I /[%!]. 
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Proof: This is a formal consequence of the above lemma (See 1(211 theorem 2.8). 



□ 



Remark 2.12. we have constructed log homomorphism on the groups Ki{A{G), J{A{G))) and 
K\{A{G)z, J{A.{G)z)), but its clear that G can be replaced by any group Gi or G"^ or T^'\ In 
particular, we have an isomorphism 

log:\+ pACTTs ^ pim^- 

Remark 2.13. Since A(G) and A(G) £ are local rings, the following natural maps are all surjective 

A(G)x ^ Ki{A{G)), 
A(G)l ^ K.iMGjs), 
1 + 7(A(G)) ^ Ky{A{G), 7(A(G))) 
1 + /(A(GTs) ^ K.iMGjs, 7(A(GTs)). 

We have defined log on relative K[ 's and they fit into the following exact sequences: 

K2{A{G)/J{A{G))) ^ Ky{A{G),J(A(G))) ^ Ki{A{G)) ^ i^i(A(G)/7(A(G))), and 
^2(A(G)s/AA(G>s)) ^ /:i(A(G)s,7(A(G)s)) ^ ^i(A(G)s) ^ Ki{A{G)s/JiA(G)s)). 

Now A(G)/7(A(G)) = Fp/ /i' weZZ known that A'2(Fp) /i' trivial and Ki{Fp) = F^. Hence log 
can be uniquely extended to Ki{A{G)). On the other hand, A{G)q/ J{A{G)z) = 2(Fp[[r]]); 
and ^i(2(Fp[[r]])) = Q(Fp[[r]])^ which is not a torsion group. So it is not possible to ex- 
tend log to K[{A{G)q). However, it is known that K2{Q{F pllT]])) is torsion. Hence its image 
in A'i(A(G)e, 7(A(G)e)) lies in the kernel of log. This gives an extension of log to elements of 
Ki(A{G)q) which lie in the image ofl + 7(A(G)s) under the natural map 

1 + 7(A7gTs) A(G)| ^ ^i(A(GTs). 

2.2.2 Integral logarithm 

Definition 2.14. For any group P, we define ip to be the map which takes g in P to gP. 

Note that this map need not always be a homomorphism. However, if P is abelian then it is a 
homomorphism. It is easy to see that ip on the group G takes the subset S to itself. Hence it 
induces a map, which we again denote by (fi, on A(G)s and A(G)s- If G is abelian, ^ is a ring 
homomorphism. 

Lemma 2.15. For any u in A(r)|, ^ lies in 1 + pA{T)q. 

Proof: Mapping y to X + 1 gives an isomorphism between A(r) and Zp[[X]], the ring of power 
series in X with coefficient in Zp. This isomorphism extends to an isomorphism between A(r)e and 
Zp[[X]](p), the localisation of Zp[[X]] at the prime ideal (p) and also to an isomorphism between 
A(r)e and Zp[[X]](p), the 7:)-adic completion of Zp[[X]](p). (p induces a map on Zp[[X]](p) which 
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maps f{X) to /((I + X)'' - 1). Then it is clear that (p{u) = {mod p) for any u in A(r)g. As (/j is a 
continuous map the same is deduced for any u in A(r)g. □ 

Definition 2.16. Let x be an element of A(G)^. Define 

L : Ki{K{G)) ^ % ®z, T{K{G)), 
given by {x\ i— > log{{x\) — ^/og([jc]). Here [x] denotes the class of x in K\{h{G)). 

Definition 2.17. Let x be any element in K{G)^ . Then it can be written as u{\ + y) with u in 
A(r)s andy in J{K{G)q). Define 

L : KiiMGjz) ^ % T{A(G)q), 
given by [x\ ^ ^log{£-^) + logi[l + y]) - pog{[l + y]). 

It is easily seen that L([x]) is independent of the choices of u and y. The following lemma is a 
slight generalisation of the result of Oliver 1.21,1 . We sketch its proof here. For details see chapter 6 
in loc. cit. . 

Lemma 2.18. L is a homomorphism from Ki{A{G)) to T{A{G)) (resp. Ki{A(G)q) to T{A(G)q)). 
Furthermore, L is natural with respect to ring homomorphisms induced by group homomorphisms. 

Proof: Till the end of this proof let R denote either hiy^"^) or A(fW)5 and let 9? denote either A(G) 
or A(G)s and let J denote the Jacobson radical of 9?. Let x be any element in J. Then 

L(l - x) = + — + — + •••] + y— + + ■■■] 

I i p Ip 

CO ^ 

= - y — [x"*^ - <p{x^)] {mod r(9?)). 

Hence we must prove that p"\[xP" - ip{xP" ')]. Write x = ^ rigi with r, e R and gj e G/T^'^\ Set 
q = p". A typical term of x^ looks like r,| • • • ri^gj^ ■ ■ ■ gi^. Z/p" cyclically permutes g,'s. If there 
are p' cyclic permutations which leave it invariant, then there are total of p"~' conjugates appearing 
in xi. Then gi^ • ■ • gi^^ is a p'th power and the sum of conjugates has the form p"~*fP gP in r(9?). If 

t = then this is a multiple of p". If f > 1, then there is a corresponding term p"~'fP' ' gP' ' in xP" ' . 
So 

p"-'rP'gP' = p"-'cpirP"')gP' = p"-'ipirP"'gP"') (mod p"). 

Here, the first congruence comes from the previous lemma. In this proof we crucially use the fact 
that T is symmetric. □ 

The following lemma for A(G) can be very easily deduced from theorem 6.6 in Oliver f2T\ for 
example, by passing to the inverse limit of Zp[G/U] over all open normal subgroups U of G. 
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Lemma 2.19. We have an exact sequence 



1 ^ G"* X ^ Kx{K(G)) T{h(G)) G"^ ^ \. 
Here, /ip-i denotes the group of p — Ist roots of unity. 
Proof: See theorem 6.6 in IIITI 

2.2.3 Integral logarithm and norm homomorphism 

Recall that we have reserved the notation / for an integer such that <i < e and that [•] denotes an 
equivalence class in the relevant space. Since A(G) (resp. A(G)s) is a free A(G,) (resp. A(G,)s) 
module of rank p\ we have norm homomorphisms: 

Ni : Ki{K{G)) ^ Ki{A{Gi)) 

(resp. A^,- : Ki{MG)q) ^ ^i(A(GOs)). 
On the other hand, on additive side, we have homomorphisms: 

resi ■ T{A{G)) ^ r(A(GO) 

(resp. resi : r(A^3) ^ r(A(GOs)), 

defined as follows; using lemma IZ6l we define res,- on A(r(^)) basis of r(A(G)) (resp. A(rW)s 
basis of r(A(G)s)) and extend linearly. Define 

if P'\a. 
otherwise. 

Proposition 2.20. For any y in 7(A(G)) (resp. y in J{A{G)z)), we have: 

resi{log{[l+y])) = logmU+y])), 

in both cases. 

Proof: The proof of theorem 1.4 in ||22]| goes through as it is given there. Here we use the crossed 
product description (lemma [Z41 ) and also the fact that 7(A(G)s) is nilpotent modulo p (corollary 
O. □ 

Recall the map ^ on A(G) and on A(G)s induced by the the map g i-> g'' on G. It clearly induces 
a map on T(A{G)) and on r(A(G)s), which we again denote by (p. We define homomorphisms 

A- : r(A(G)) ^ r(A(G;)) ^ A(Gf ), and 
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where, in both cases, the first homomorphism in resi and second is the one induced by natural 
surjection of G,- on G"''. We also define: 

Oi : Ki{A{G)) ^ Ki{A{Gi)) ^ A(Gf )^ and 

where, in both cases, the first map in A^, and the second is the one induced by natural surjection of 
Gi on Gf. 

For any p-adic character of G"'', we define^ to the the automorphism of Zp (^z,, A(G"^) or of 

®Zp A(G"'')3 induced by ^ i-^ xi8)8- For ' > 1 we define ver, to be the homomorphism from 

A(G"^j) to A(G?^) (or from A(G"^^)s to A(G"^)s) induced by the transfer homomorphism from 
G"^j to G^'*. For every j > 1, we fix a a»,- to be a non-trivial p-adic character of F^'"^^ such that a»,|r(i) 
is trivial. We will consider it as a character of G?^j using the natural surjection of G?^j onto r^'~^^ 

Lemma 2.21. For any i > 1 and any a e T{A{G)) (resp. a e r(A(G)s)j 

p-i 

pi(p{a) - (p/3i(a) = veri[p/3i-i(a) - ^ wfA-i(a))- 

k=0 

p-i 

(resp. Piipia) - ifPiia) = veri{pPi^i{a) - ^ a>f;8,_i(a))). 
Proof: Let a = H ahh. Then we have 

(fPiia) = ^ (p(ah)(p(fiih), 
veri{p/3i-i{a)) = ^(p{ah)verip/3i{h), 

verK^wfA-iW) = J] ^(aft)ver,(J]a>f;S;_i 

Hence we need to prove the assertion only for h, a conjugacy class of G/T^^\ But this is obvi- 
ous. □ 
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Lemma 2.22. For any u £ A(r)s , we have 

Gi<p{u) ^ veri{Gi~i{u))P 

YllZlveriiwfOi-m) 

for all i > 1. 

Proof: A(r)e may be obtained from A(r('))e by adjoining a p'th root of yP' . 9j{u) is the norm of 
u in this extension of rings A(r)3/A(r('))3 and so can be given in terms of its "conjugates", (p on 
A(r('))e has image in A(r('+'))e and coincides with ver,+i. Now it can be easily checked that, in 
fact 

Oiifiu) = ver,(^i-i(M))'\ and 
(fOiiu) = Y\veri{io'l9i.i{u)). 
This finishes the proof. □ 
Take any y € J{A{G)) (resp. y € J{MG)z)). Then for any / > 1: 

/3i{L{[l+y])) =mog{['i +y]) - '^logiU +y])) 

= log{0ii[l+y])) - -/3i{<pilogi[l +y]))) 
P 



p-i 

fii{ip{log{[l + ym = Wi) + vertip^i^i) - veni^^ a;f(re5,_i)))(Zog([l + y]) 

p-\ 

- logimiU + ym + log{veri{6i^,{[\ + yW) - log([] verKwf(ei-i([l + y])))) 

k=0 

^<p{di{U+y]))ven{9i^m+yW^ 



nr:oV^'''/(^?(^.-l([l+3']))) 



Hence 



F.K M yu, p *"ver,(»i-l([l + V]))' ^ + v])) 

Similarly, for any y e J{A(G)q), we have: 

/> '"veri(»/-l([l +J]))" ^e,([l+v])) 
Using lemma |2!22l above, we get: 
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Proposition 2.23. For any x e A(G)^ ( resp. x e A(G)s ) and any i> Iwe have: 

= ( ^^^^ )) (2) 

P ^^\en(ei-i([x])y ^ 

3 Computation of ^1 

In this section we state and prove our main theorems about A'l -groups. We continue to use the 
notations of previous sections. 

3.1 An additive theorem 

We have homomorphisms 

e 

[i = (fii) : r(A(G)) ^ W AiGf), and 
1=0 

e 

P : (fid : T{MG)s) ^ A(Gf )s. 

/=o 

In this section we prove that these homomorphisms are injective and describe their images. 

Definition 3.1. For < j < i < e, Hj x is a subgroup ofG"^ of finite index. Thus A(G"^) (resp. 
A(G^^)sJ is a free A(Hj x r^'^)-module (resp. A(Hj X Y'^^)iz-module) of finite rank. Hence we have 
the trace map 

tr : A(G"^) A(//,- x T^'^) 
(resp. tr : A(Gf)G A(Hp<f<-i))Q). 

Definition 3.2. For < j < i < e the surjection Of' — > Hj X F*^'^ induces the natural map (which 
is a ring homomorphism) 

n : A(Gf ) ^ A(Hj x F^')) 
(resp. n : A(Gf)s ^ A(Hp<f<f))z). 

Definition 3.3. T acts by conjugation on Of' and so on A(G"^) and A(G°*)s, for all < i < e. Let 
Ti (resp. ti) be the image of the map on A(Gf') (resp. A(G"^)q) which maps x to Ti^^q 7^x7"*^. 
We note that Tj ( resp. fj) is an ideal in the ring A(Gf')^ ( resp. A(G°*)g j. 
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Definition 3.4. Let 4^ (resp. ^) be the subgroup of]\1^QK{Gf) (resp. n^=o ^(<^J'^)sj consisting 
of all tuples (a,) satisfying the following conditions: 

Al) We require that tr(aj) = n{ai) in A{Hj X T^'^) (resp. MHj X T'^'^)e)for all < j < i < e. 
A2) We require that aj lies in Ti (resp. Tijfor all < i < e. 

Lemma 3.5. /3{T(A(G))) c ^ and 0{T{MG)e)) c 

Proof: Take any hy" in G, with h in H and < a < p*^ - I. Let p' be the highest power of p 
dividing a. Then ySj and yS,- both map the class of hy" to for all / > /. For any < i < I, let ki be 
the smallest integer such that fixes the class of h in Hi. Then y6, and yS, both map the conjugacy 
class of hy to the class of 

y"''(2](rV)/). 

f=() 

A2) follows easily from this. Note that tr sends the class of hy" to if a is not divisible by p' and if 
a is divisible by p', then tr sends the class of hy to p'~Uty" (in both cases). If < j < i < e, then 

p'-i 

7rOSK[/f7"])) = ^(2][^V"V]) 

t=o 
p'-\ 

= r^YA^Vhy-'y"]) 

t=Q 

= p'-j/3j{[hy]) 

= tr(fij{[hy])). 

The same holds for yS,- □ 

Next, we define a A(r*^^^)-linear (resp. A(r('')) 3 -linear) map t : ^ —> T{A{G)) (resp. f : 4' ^ 
TiMGje)) as follows: Take any [hy"] in Gf . Then r (resp. f) maps [/ly^] to j^lhy"] in Qp ®Zp 

T(A(G)) (resp. in Qp ®z„ T{AXG)q)) if aZp ^ p'Zp and to 0, otherwise (here a e 7.1 p'Z and when 
a is divisible by p'', we take aZp to be p'^'Lp). Note that r and t are well defined maps (i.e. their 
images lie in T(A(G)) and T{A{G)q) respectively) by lemma 1277] and A2). The following lemma is 
immediate from the definitions. 

Lemma 3.6. t o p is identity on T{A{G)). f o p is identity on T(A{G)q)- 

□ 

Lemma 3.7. t and f are injective. 

Proof: Let (a,) be an element in the kernel of r. First observe that, when a, is written (by lemma 
12.41 ) as a linear combination of elements of G/F^^^ with coefficients in A(r*^^^), the coefficients of 
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[hy"] is for all a such that aZp = p'Zp (by lemma 12.71 and definition of t). Now the trace of 
[hy] € A{Gf) in A(//,- x r^^^), with aZp = p% is p'~}[hy"]. So coefficient of [hy"] in aj is by 
Al). Hence t is injective. Similarly, we show that f is injective. □ 

Putting everything together we get the main theorem of this section. 

Theorem 3.8. yS is an isomorphism between T(A{G)) and ^F. is an isomorphism between T(A(G)z) 
and ^F. 

□ 

3.2 Description of Ki -groups 

Definition 3.9. For < j < i < e, we have the norm map 

Nr : K{GfT A{Hj x Y^'Y 
(resp. Nr : h(G^)^ ^ A(//7xT('))s''), 

Definition 3.10. Let Di (resp. DJ be the image of the map on A(G^^) (resp. A{G^^)q) given by 
x^Y.l:ly''P'''xy~^p-\ 

Definition 3.11. Let O (resp. "V) be the set of all tuples (x,) in n -=0 A{GfY (resp. [1 -=0 ^(Gf)s') 

satisfying the following conditions: 

Ml ) For < j < i < e, we require Nr{xj) = jr{xi). 

M2) r acts on Hi and hence on A(G"^) and A{G"^)^. We want xi to be fixed under the action ofy. 
M3) For all I < i < e, we require 

Xi = veri(xi-i) (mod Di + (p)) 
(resp. Xi = veri{xi-\) {mod Di + (p))). 

M4) We want 

^^venixi-i)' ^ (fiixi) II 

^^veriixi^x)' ^ ip{xi) " 

It is easily seen that O and O are subgroups of Il/Lo AiG'f'Y and Il/Lo ^(G"*)e respectively. 
Lemma 3.12. We have homomorphisms 

L:^^^',andL:^^'i', 
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given by (xf) i-> (a,), where 



Note that log is defined on the expression in brackets since some power of it is congruent to 1 

modulo p. 

Proof: Since tr o log = log o Nr and n o log = log o n, (a,) satisfy Al). Since log is an isomorphism 
between 1 + pTj and pTj (resp between 1 + pti and pti), (a,) satisfy A2). □ 

Lemma 3.13. e{Ki{A{G))) c (D and 0{Ki{A(G)q)) c 6. 

Proof: The map di can be described as follows. A(G) is a free A(G,)-moduIe with a basis 
{1, 7, 7^, . . . , 7^'~M- Norm of any x e A(G)^ in A'i(A(G,)) is the class of the matrix of the A(G,)- 
Hnear map on A(G) given by multiplication by x on the right. Call this matrix A. 6i just takes x 
to the determinant of image of A under A(G,) — > A(G"^). 9i has similar description. From this it 
is easy to see that Ml) and M2) are satisfied by the image of 6 and 0. M4), i.e. the congruences 
follow very easily from the relations (1) and (2), and the and definition of ^ and T. We now prove 
M3). We prove it only for A(G). The case of A(G)s is similar. For i > 1, we have following 
commutative diagram: 

^i(A(G)) 



Ki(A(Gi-i)) Ki(A(Gi)) 



It suffices to prove that the square commutes modulo Z),- + {p) if we put arrow 



veri : K{Gf_^f ^ A(Gf )^ 



Let cr denote the automorphism of A(G;) given by x 



yP xy-P 



Letx = I.',:iyP''''xk e 



A(G/_i)^, with all Xk e A(G,). Then norm of [x] e Ki(A(Gi-i)) in Ki(A(Gi)) is class of following 
matrix: 

Xq Xl ■ ■ ■ Xp-l 

a-ixp-i) o-(xo) ■■■ o-(xp_2) 



I (rP-\xi) (rP-\x2) 



(rP-\xo) ) 



Oj{[x]) is just the determinant of this matrix in A(G" It can be proved from this that image of 
[x], say y satisfies 

p-i p-i 

y = Y,ri'^'([x'^^)(modDi + (p)). 

k=0 1=0 
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And it is easy to see that 



p-i 



W (T\Vxk\) = veri{[_Xk\){modDi + {p)). 



i=0 



This proves the lemma. 

Lemma 3.14. There is a short exact sequence 



G 



<ab 



1. 



Here the first map is x i— > {vi{x)), where v; is the map induced by the transfer homomorphism 



G G" , and the last map takes ao to an element of G given by the exact sequence of lemma 

inn 



Proof: Let (x,) be an element in the kernel of L. By the exact sequence of lemma |2?T9] we get that 
Xj € pp^i X G"*. It is clear that (3^,) e where 

\xo if i = 0; 

yi - { 

yviixQ) if i > 1. 

here v,- : fip-i x G"'' fip-i x G"^ is the identity map in the first component and the transfer map in 
the second component. So after replacing x, by xiyT^, we assume that xq = 1. Inductively assume 
that Xi = 1 for all < i < k. Then by M4) we have L(xk+i) = 0. Which means Xk+i e yUp-i x G^^^. 
Now M3) says that 

verk+i(xk) = 1 = Xk+i{modDk+i + (p)). 

But coefficient of 1 in D^+i + (p) is always a multiple of p. Hence x, = 1 for every /. So an element 

in the kernel of L is determined by xq. Which proves that exactness at 

We now prove exactness at ^. We have a commutative diagram with exact rows: 



I 



1 



■Pp^i xG 



ab 



K,{A{G))- 



■Pp^i xG' 



ab 



r(A(G)) 

/Jo 

- A(G"*) - 



G 



ah . 



ah . 



1 



1 



^ AiG^^r — Mcn G 

The map from T G"^ is (a,) i-> //(ao). Hence, if some element (t?,) e ^, then there exists a 
a e T{A{G)) such that /3{a) = {ai). If (a,) lies in the kernel of ?/. Then a must be image of some x 
under L. Then L(0(x)) = (a,)- This proves the exactness at *P. □ 



Theorem 3.15. 9 : Ki{A(G)) O is an isomorphism. 
Proof: We have a commutative diagram with exact rows: 
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1 G"^' X ^i(A(G)) — r(A(G)) 1 

6 P 

1 ^ G"* X np^i ^ O ^ ^ ^ G°^ ^ 1 

y6 is an isomorphism. A trivial diagram chase shows that 6 is an isomorphism. □ 



3.3 The homomorphism 6^ and the group Og 

Just like e, we define a homomorphism 6*6 = (6',;s) : Ki{A{G)q) n-=o^(<^f )|- Let = 
nto MGf)% n 4). Then Og can also be described by 4 conditions Ml), M2), M3), and M4) as 
above. Note that they did not involve any use of logarithm. 

Theorem 3.16. 9q{Ki{A{G)q)) c ^q. and Og n A(Gf )^ - O. 

Proof: Clear. □ 
I am not sure if the following corollary is known. 

Corollary 3.17. The natural map Ki{A{G)) — > ^i(A(G)s) is an injection. 
Proof: We have KiiAiG)) ^ Ki{A{G)t) 

^ Or 

Therefore Ki{A{G)) Ki(A(G)t) is injective. □ 

3.4 AppUcation 

The theorems proven in this section provide us with the algebraic ingredient for proving the Main 
Conjecture. Define / by 

I ^{{Hx T^'K iyP' - \)H) ■.0<i<e}. 
Lemma lZQj shows that CI) is satisfied. Theorem 13 . 1 5 1 gives C2) and theorem [3 . 1 6 1 gives C3). 

4 A Special Case 

In this section we prove the noncommutative Main Conjecture in a special case. We continue to 
use the notation introduced at the beginning of section 2. 
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Lemma 4.1. The map ipfrom d to G,+i induces a homomorphism from G'f^ to G"^^ if and only if 



4.1 Simplification of congruences 

[hP] = [hyP'hy-P' ■ ..y'P-^^P'hy-^P-^'>P'] 

zah riab 



in Hi+i,for every h in H. In the case when if induces a homomorphism from G" to G"*j it coincides 
with the transfer homomorphism verj+i from G"^ to G"^^ 

Proof: Take any g = hy" in G,-. If p'^' divides a then ip{g) is equal to (p(h)(p(y") in G"^^. So lets 
assume that aZp = p'Zp. Then 

ifiig) = ihy^hy-" ■ ..y^P-^^"hy'^P~^^'')y"P, and 

ip{h)ip{y") = hPy'P. 

So if induces a homomorphism from G^^ to G°^^ if and only if [/i^] - {{hy^hy~" ■ • ■ y(P~^)"/jy~(P~i)'^')] 

in G^fj. But Py«/jy-"---y(P-i)«/jy-(''-i)«)] is the same as [{hyP' hy'P' ■ ■ ■ y^P'^^'P' hy'^P'^^P' )] in 
G^f 1 'by lemma|2ll 

.J=(W ifa'Zp=p% 
veri+i{hy ) < ; . / ,^ ; . ,x . 

' ' ' (hyP hy-P ■ ■ ■ y^P-^^P hy'^P'^^P )Y'P if aZp + p'Zp. 

Therefore, if if induces a homomorphism from G"^ to G?^j , then it must be the same as ver,+i . □ 

Definition 4.2. We call G of special type if (fi induces a homomorphism from G"^ to G"*^ for every 
integer i > 0. 

Lemma 4.3. Assume that G is of special type, then 

/3i{tp(x)) = pveri(fii^i{x)) for all X € T{A{G)), and 
Mfix)) = pveri(fii_x{x))forall x e r(A(G)s)- 

Proof: As in lemma |2!2T] we need to check this only when a; is a conjugacy class of G/F^*"^. This is 
again obvious. □ 



Corollary 4.4. We have the relations: 



Pi{L{x)) = log{ j^^^ for all x € Ki{AiG)), 

veriiOi-iix)) 

0i{L{x)) - log{ ^ ) for all x e Ki{MG)q). 

ver,-(6',-i(x)) 
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□ 

Thus, if G is of special type, we get the following simple description of <!> and <1). <1) (resp. <!>) 

consists of all tuples (xi) in Yi'i^Q A{G"'')^ (resp. A(G"'')s ) satisfying 

MS 1) Nr{xj) = n{xi) for all < 7 < / < 

MS 2) Xi is fixed under the action of 7. 

MS3) Xi = ver;(x;_i) (mod Ti) (resp. (mod ti)). 

All unexplained notation is as before and we get theorem [3. ISI and theorem [3. 161 
4.2 Proof of the Main Conjecture in a special case 

In this section we prove congruences predicted in the special case considered above. Lets fix the 
notation. F is a totally real number field of degree r over Q. Fco/F is an admissible p-adic Lie 
extension with Galois group G - H xY, with H a finite abelian /7-group. We assume that G is of 
special type. As usual we assume that Fca/F satisfies hypothesis fi = 0. Let Fq = F and let 
be the unique extension of F in f^^" of degree p". Let Ki be the maximal abelian extension of F, 
contained in Foo- Hence Ke = Foo and Gal{Ki/Fi) = G"^. Let E be a fixed finite set of primes of 
F which contains all primes which ramify in Foo and all primes above p. The set of primes in F, 
lying above X will be denoted by S,-. Let ((Ki/Fi) be the /7-adic abelian zeta function of Deligne 
and Ribet for the abelian extension Ki/Fi. y acts on //, and so also on 

lm{G'l^)z- Let 3 be the image of the map on A(G"'')s given by i-> Z^'^q' y'^xy~'^. It is an ideal 
in the ring A(G"^)~. We call this ideal the trace ideal. 

Theorem 4.5. With the notation as above ^{KjlFi) = ver{^{Ki^i I F i^\)) modulo the trace ideal. 
This proves the Main Conjecture for the extension Foo/F. 

We will prove this congruence in this section using techniques of Kato {W\ and of Ritter and Weiss 
1231 . Our proof is obtained by a slight extension of techniques used in [.23.1 . 

4.2.1 Approximations to ^(Ki/Fi) 

In this section we get a sequence of elements in certain group rings which essentially approximate 
((Ki/Fi). These group rings are obtained as follows. Let N be the composition 

Gal(Ko(Mp)/F) ^ Gal(F(Mp-/F) ^ Z)^. 

Then for any positive integer k, divisible by p - I, N'^ factors through the group G"^. Define / to 
be the positive integer such that NP'^(G"'') is equal to the subgroup 1 + p^Zp of Z^. Then we have 
an isomorphism 

A(Gf) ^ lim (Zp[Gf /r(^)]/(/+^)). 

j>' 

Since / + j ^ 00, injection is clear. For the surjection, observe that given any (xj)j in the projective 
hmit lim(Zp[G^^/r(^')]/(y+^')), we can canonically construct xj in Zp[Gf /T^-'^] as follows. Let x, 



36 



be the image of Xt in Zp[G"'^ /r'-'^]/{p^^'). Define xj to be the limit of x,, for all t > j. It is easy to 
see that xj from an inverse system to give an element in A(G"^). This element maps to ixj)j. Hence 
the above map is also surjective. 

Let jc be a coset of an open subgroup U of G"^. Set 6^''\g) to be 1 if ^ e x, and to be otherwise. 
Define the partial zeta function, ^i{5^'^\ s), by 

where the sum is over all ideals o of Op., which are prime to S,-, ga is the Artin symbol of the ideal o 
in G"^, and Norm is the absolute norm of the ideal a. It is well known from the work of Seigel, that 
^,(<5^"'\ s) has analytic continuation to the whole complex plane except for a simple pole s - 1, 
and that (i{6'-^\ I - k) in rational for any even positive integer k. If e is a locally constant function 
on G"'' with values in a Q- vector space V, say for some open subgroup U of G"^, 



6- 2] 



xeGf/U 

then the L- value of e at 1 - ^ can be canonically defined as 

X 

If e is an Artin character of degree 1 , then this is of course the value at 1 - of the complex L- 
function associated to e with Euler factors at primes in E,- removed. If 6 is a locally constant Q^- 
valued function on G"'', then, for any positive integer k divisible hy p - \, define 

^i{e, \-k) = Liie, \-k)- N{yP'fLi{e(i), 1 - k), 

where, is a locally constant function defined by e{i)(h) = e{yP' h), for all h e G"^. Recall that y 
is the fixed topological generator of T. The following proposition is an easy consequences of the 
congruences of Coates |i3J which are proven in Deligne-Ribet ([9|, theorems 0.4 and 0.5) (see also 
Ritter and Weiss ||23l ). 

Proposition 4.6. Under the natural map from A{Gf) to Zp[Gf /T^^'>]/{pf^j), (1 - yP'XiKi/Fi) 
maps to 

2] A;((5^''\ 1 - k)N{xy^x {mod pf^^), 
xeGflVn 

for any j > i and any positive integer k divisible by p — \. In particular, we are claiming that the 
inverse limit is independent of the choice ofk. 
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4.2.2 A sufficient condition 

We reduce the congruence between 77-adic zeta functions to congruences between the elements of 
group algebra approximating (1 - yP )^{Ki/Fi). First we prove a small lemma. 

Lemma 4.7. Let y be a coset ofT^^^ in Gf'. Then 

Proof: We just need to prove that (i{5^' \ l-k) = ^i{5^'^\ \-k) because of the following 

l-k)^ Ci{6^y\ \-k)- NiyP^f^ii^^, 1 - k), 

Aii6^'\ l-k) = a6^y'\ \-k)- N{yP'fi^i{6^^p, 1 - k) 

and 

x(>0 _ spy-"') 

So we must prove that ^,(<5^\ 1 = 1 -k). But this is clearly true as Norm{a) = Norm{a7) 

and image of a (under Artin reciprocity map) lies in y if and only if lies in yi'. □ 

Let Vi denote the kernel of ver,, the transfer map from G"^^ to G"^. It is clear that Vj is contained 
in Hi-i. Let Tjj denote the image of the map on Zp[G"^ /T^J^]/{pf'*'^) given by 

X i-> ^ yP xy~P . 
t=o 

We call this the trace ideal of Zp[G"^/r^^)]/(p^^^) (though it is actually an ideal only in the ring 

{Zp[Gf/T(j^]/ipf^})f). 

Lemma 4.8. A sufficient condition for the theorem 14.51 to hold is that, for any positive integer k 
divisible by p - \, 

Aj{e, I -k) = A/_i(e o veri, 1 - pk) (mod p'~^), 

for all locally constant 'L^pyvalued functions e on G"^ fixed by y^' . Here y acts on e as follows: 
(r • e){h) = e{hy). 

Proof: The theorem says that 

miFi) = veniaKi-i/Fi^i)) {mod Ti,^). 

This is easily seen to be equivalent to 

(1 - yP'^K - i/Fi) = veniil - yP'^' )({Ki^d F i^,)) {mod Ti). 



38 



Thus we compare the images of {\-yP'X{Ki/Fi) and ver;((l-r''' //^i-i)) in Zp[Gf /r(')]/(p^+'-i), 

for every I > i. These images are 

(0 Z,eGf /rc) 1 - k)N{yr^y {mod pf^'-'), and 

(«) ZveG'^* /v,xr('-') A;-i(5«, 1 - M)A^(x)-P^verKx) {mod pf^'-'). 

Here k is any positive integer divisible hy p - \. We use the independence of k in proposition 14.61 
Assume that y is fixed by yP^ but not by yP' . Then 6^^^ is fixed by yP^ . Using this and the previous 
lemma, we conclude that the y orbit of y in (/) is 

pj-i 

2 A/((5W , 1 _ k)N{yT''y'yy-' {mod p^^'' ^ ) . (4) 
t=0 

By hypothesis we have 

Ai{6^^\ l-k) = A,_i((j(>'^ o veri, 1 - pk) {mod p''^). 

Now, if y is not in the image of veri, then 6^-^ o vert = and so Ai-i{6'^^ o veri, 1 - pk) = 0. Then 

Ai{6^^\ l-k) = {mod p''j), 

and the above sum (01) lies in the trace ideal of Zp[Gf' /T^''']/{p^'^'~^). On the other hand, if y - 
veri{x), then x in Gl^^lVi x r^'"'^ is uniquely determined by y. This x is fixed by yP' and not fixed 
by yP' ' . Hence the y orbit of jc in (//) is 

p'-i 

Ai^M^\ 1 - pk)N{xyP^veri{y'xy-') {mod p^^'~^). (5) 

t=o 

Now, A^Cy)-*^ - N{veri{x))-'' - N{x)-P'', and o vfr,- - cjW. Hence 

Ai{6^^, \-k) = A,_i(5<-'\ 1 - pk) {mod p'~j), 

and the difference of sums in & and ^ lies in the trace ideal of Zp[Gf /T'''^]/{p^^''^). The in- 
verse image of these trace ideals over all Z's gives the trace ideal T,- of A(G"'') and hence finishes 
the proof. □ 



4.2.3 Proof of the congruences 

We now prove the congruences in lemma l4T8l We do this using the technique of Ritter and Weiss 
which depends on the theory of Deligne and Ribet. We recall some basic notions of this theory. 
Lets denote the degree of F over Q by r. We recall the notion of Hilbert modular forms over F. Let 
§f denote the Hilbert upper half plane of F. Let f be an integral ideal of F with all prime factors 
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in S. We put GL^{F (E) R) for the group of 2 X 2 matrices with totally positive determinant. It acts 
on function / : ^ C by 

fk[l ^ ) (T) = Niad - bcf'Nicr + ^)-V(^), 

where A' : F C ^ C is the norm map. Set 

roo(f) = {| ^ ^ J e 5L2(F) : a,^/ € 1 + f, ^7 e D"!, c e fD}, 

where I) is the different of F. A Hilbert modular form f of weight k on FooCf) is a homomorphic 
function / : ^ C (which we also assume to be homomorphic at oo if = Q) satisfying 

f\kM^f forallMeroo(f). 

The space of all Hilbert modular form of weight k on FooCf) is denoted by M^(roo(f), C). Any / in 
M;t(roo(f), C) has the standard q expansion 

J" 

where /i runs through all totally positive elements in Of , and ^ = g2;rifr^^/Q(/jT) jj^g inclusion 

of F into Fi induces maps 9)f §>f. and SL2{F ® R) ^ SL2{Fi ® R). For a homomorphic 
function / : §f . ^ C, we define Rjf to be the homomorphic function /?,/ : §f — > C such that 
Rifir) = f(T*). Then 

{Rif)\p,kM = RiiflkM*), 

for any M e 5'L2(F®]R). It is well known that if / lies in the space Mi:(roo(f(9f,), C), for an integral 
ideal f of F, then /?,/ lies in the space Mpi^(roo(f), C), and if the standard ^-expansion of / is 

c(0) + J] ^Wpr 

V€Of. 

then the standard ^-expansion of /?,/ is 

c(0) + ^ c^(jj)(/'p, 

with c*(ju) = T,v:trp./p(v)=fi Here v and // are always totally positive. 
Let Ap denote the ring of finite adeles of F. Then by strong approximation 

5L2(Af) = r^)-5L2(F). 
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Any M in 5L2(Af ) can be written as M1M2 with Mi £ rooCf) and M2 e SLziF). We define /l/tM 
to be f\kM2. Any o- in determines a cm^/j. We let 

The ^-expansion of / at the cusp determined by a is defined to be the standard ^-expansion of f\a- 
We write it as 

c(0, a) + ^c(ju,a)^, 

A* 

where the sum is restricted to totally positive elements of F which lie in the square of the ideal 
"generated" by a. Now let / be any element of Mk(TQQ{\Op),C). Then the constant term of q- 
expansion of /?,/ at the cusp determined by a in is equal to the constant term of ^/-expansion of 
/ at the cusp determined by a* . We need the following lemma proven, for example, in Ritter and 
Weiss (lEl, lemma 6) 

Lemma 4.9. Let fi e Of be a totally positive element. Assume that f c jSOp- Then there is a Hecke 
operator Upon M<;(roo(f), C) so that if f e M^(roo(f), C) has standard q-expansion 

c(0) + 

/ieOf ,/i»0 

then f\kUp has the standard q-expansion 

c(0) + ^^^K- 

□ 

The following proposition, which attaches Eisenstein series to a locally constant C-values function 
e on G"^, is proven in Deligne and Ribet [9| (see section 6, or proposition 8 in Ritter- Weiss |i23J). 

Proposition 4.10. Let e be a locally constant C-valued function on G"^. Then for every positive 
integer k divisible by p — \ 

(i) There is an integral ideal ^ofF with all its prime factors in 2, and a Hilbert modular form Gk,e 
in M;t(roo(f)> C) with standard q-expansion 

where the first sum ranges over all totally positive n in Of, and the second sum ranges over all 
integral ideals a of F containing ^ and prime to E. e{a) is defined to be e{ga), with ga begin the 
Artin symbol of a (see Deligen-Ribet [9], 2. .22). 

(ii) The q-expansion ofGk,e cit the cusp determined any a in A^ has constant term 

N{{a)f2-'Li{eg,\-k), 
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where (a) is the ideal of F generated by a, g is the image of a under the Artin symbol map, and eg 
is the locally constant function given by 

eg{h)^e{gh) forallheCK 

□ 

After the above discussion, we are now ready to prove the following key proposition which gives 
the required congruences. 

Proposition 4.11. Let e be a locally constant ^.{pyvalued function on G"''. Then there exists an 
integral ideal fofF such that all its prime factors are in S and f c p'Op, so that for any positive 
integer k, divisible by p - I, 

E RiGk,e\pikU pi - Ri-lGpk,eoveri\pi]JJ pi-l, 

belongs to M^^j^iXoaiT), C). The constant term of the standard q-expansion ofE is 

l-P'^Liie, \-k)- 2-^'"'%_i(e o ven, 1 - pk). 
If yP^ fixes e, then all non-constant coefficients of the standard q-expansion ofE are in p'~-'Z(^p). 

Proof: Choose a f c p'Of such that all its prime factors are in E and Gpi:^eover, £ Mpk(T()o('iOf._j), C) 
and Gic^e ^ MkiTooi^Opi), C). So that E lies in Mpi^(roo(f), C). The ^-expansion of RiGic,e\p'kUpi is 

2-P''-Ltie, 1 - ^) + 2 ( Z f(I'Wt')'"')^' 

where the first sum ranges over all totally positive elements of Op, and the second sum ranges over 
all (b, T]) such that b is an integral ideal of F,, prime to S, and 7/6 b is a totally positive element 
such that trp^ip{rf) - p'p. The standard ^-expansion of Ri-iGpk,eoveri\p'kUpi-i is 

2-p''''-Li_i(e o ven, 1 - M) + ^ ( Z ^(a<5f;Ma)^*"')^' 

((t,v) 

where the first sum ranges over all totally positive elements ju of Op, and the second sum ranges 
over all (a, v), with a being an integral ideal of f ;_i prime to and v e a is a totally positive 
element such that trp. ^/p{v) = p'" V- We get e{aOp.) in the sum because e o ver,(a) - e{aOpi). So 
the constant term E is 

l-P'^Liie, \-k)- 2-^^' o ven, 1 - pk). 

We now prove that the non-constant terms of E fie in p'~-'Z(j,) whenever e is fixed by Let t be 
the smallest non-negative integer such that yP'*' fixes (b, 77). if t - i - j, then there is no integral 
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ideal (o, v), with o being the integral ideal of prime to and yea, such that aOf. - b and 
T] - V. Moreover, the yP' orbit of (b, ?/) is 

2 e(b^'")A^(b^'''y-i - p'-je{b)N{bf-K 
1=0 

On the other hand, if f < / - j, then there exists (c, S), with c being an integral ideal in Fj+t, prime 
to l.j+t and (5 e c is totally real such that cOf, = b and rj = 6. We let a = cOpj^i ■ Then the difference 
of yP' orbit of (b, 6) and of (a, d) is 

p'-i 

2] (e(b^''")A^(b^'''y-^ - e((aOf,)^'''')A^(a^''"y'*^-i) = p'(e{h)N{hf-^ - eih)N{af''-^) 

1=0 

= O(mod p'~j), 

since A^(c)p"' '^^-^^ = A^(c/"'"' '(^'^^-i) (mo J ;?'-^-')- This completes the proof. □ 

Corollary 4.12. Let e be a locally constant Z^pyvalued function on G"^ which is fixed by yP' . Then 

A,(e, \ -k) = A,_i(e o veru 1 - pk) {mod p'~^). 

Proof: Let E\ be the standard 17-expansion of E. Let a be a finite idele of F which is mapped to 
y e by the Artin symbol map. Let Ea be the ^-expansion of E at the cusp determined by a. 
Let E{a) - N{ap)~P '^Ea, where ap is the "/j*'' -component" of a. Then by the theory of Deligne 
and Ribet ([9], 0.3, section 5), the constant term of E\ - E{a) lies in p'~^'L(py This constant term is 

(l-P'^Liie, l-k)- l^P'^^'-Li^iie o yen, 1 - pk)) 
-N{ap)-P'^N{{a))-P'\2-P''-Li{€(i^, \-k)- 2-''"''-L,-_i((6 o veri\t), 1 - pk)) 

= 2-P'%(,e, \-k)- N{yP'fLi{6(i^, 1 - k)) 
-2'P'''\Li^i{€ o ven, l-pk)- A^(yP" V^L;_i((e o verO(o, 1 - pk)) 

= 2-P'''Aiie, 1 - it) - 2-P"'*^A,_i(e o ven, 1 - M) 

= 2-/''*(A,(e, l-k)- A,_i(e o ven, 1 - pk)) = 0{mod p'-J). 
This finished the proof of corollary and hence also the proof of theorem [431 □ 
Hence we get the following 



43 



Theorem 4.13. Let Foo/F be an admissible p-adic Lie extension (see definition li.iD satisfying 
the hypothesis ^ = Q. Assume that H - Gal{Foo/F'^^''^) is a finite abelian p-group, so that G - 
Gal{F CO /F) = // X r. We assume that G is of special type (see definition \4.2i . Then the Main 
Conjecture for the extension Foo/F is true. 

In section 6 we give some examples of groups of special type. 

5 Extensions of dimension greater than 1 

In this section we assume that the admissible p-adic Lie extension Fco/F is such that H = Gal{FoolF'^^'^) 
is an abelian compact /7-adic Lie group which is pro-/?. So we have an isomorphism G = H xY .\i 
J is any open subgroup of H, then it contains a subgroup which is open in H and normal in G (as J 
is intersection of H with an open subset of G and any open subset of G containing identity contains 
an open normal subgroup). Hence we obtain an isomorphism 

A(G) ^ lim A(G/C/), 

J/ 

where U runs through open subgroups of H which are normal in G. In fact we can find a directed 
system {?7,),- of open subgroups Ui of H which are normal in G such that A(G) = lim A{G/Ui). 

i 

Put - G/Uj. Then J, is a one dimensional compact /7-adic Lie group. Plainly, 7, = (H/Uj) x T. 
Let Kj be the Galois extension of F, contained in Fco, such that Gal{Kj/F) = 7,. In other words, 
Ki = fI^. We now show that validity of the Main Conjecture for each of the one dimensional 
admissible /7-adic Lie extensions Ki/F implies the Main Conjecture for Foo/F. 

Lemma 5.1. The natural map from Ki{A{G)) to A'i(A(7,)) induces an isomorphism 

K,{A{G))^lim K,{A{Ji)). 

i 

Proof: As A(G) and A(7,) are local rings, it is well known that GL2 surjects onto K\ and we have 
the following isomorphisms 

GL2(A(G))/E2(A{G)) ^ Ki(A(G)), and 

GL2{A{Ji))/E2{A{Ji)) ^ K,{A{Ji)), 

where E2 denotes the subgroup of all 2 x 2 elementary matrices (see Curtis and Reiner lH). Now 
consider the following commutative diagram 

I E2{A{G)) GL2(A(G)) ^i(A(G)) 1 

" " " 
J ^ lim E2{A{Jd) ^ lim GL2(A(7,)) ^ hm K,{A{Ji)) ^ ^ 

i i i 
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The top row is exact as we have just observed. The inverse system {£'2(A(/;))}i satisfies the Mittag- 
LefHer condition. In fact, £'2(A(7/)) surjects onto £'2(A(7,)), for all / > /. Hence the bottom row is 
exact. It is easy to see that the left and the middle arrow are isomorphisms, hence the right is arrow 
is an isomorphism. □ 



Theorem 5.2. Assume that the Main Conjecture for the extensions Ki/F is true for all i, then the 
Main Conjecture for the extension Foo/F is true. 

Proof: Consider the following commutative diagram with exact rows: 
Ki{A{G)) Ki{A{G)s) ^ ^o(A(G), MG)s) 

^ lim K,(AiJi)) ^ lim K,iAiJi)s) ^ lim Ko{A{Ji), A{Ji)s) 

i i i 

Here, the exactness at lim A'i(A(/j)) follows from corollary 13.171 The injection of Ki(A(G)) into 
^i(A(G)5) follows from the injection of limKi(A(Ji)) into \imKi(A{Ji)s). It follows from the 
discussion in the introduction that [C{Ki+i/F)] maps to [C{Ki/F)] under the natural map from 
Ko{A{Jj+i), A{Ji+i)s) to Ko(A(Ji), A(Ji)s). Hence the uniqueness of the 7:)-adic zeta function sat- 
isfying the Main Conjecture gives that ((Ki+i/F) maps to ^(Kj/F) under the natural map from 
/:i(A(7,+i)5)to^i(A(7,)5)- So 

(^(^:,/F));elim^i(A(7,)s)- 

i 

Let / be any element of Ki {A{G)s ) such that 

d{f) - -[C(Feo/F)]. 

Let {fi)i be the image of / under the middle vertical arrow. Then fr^((Ki/F) belongs to Ki(A(Ji)) 
for each / and 

ifr'aKi/F))ie lim K,{A{Ji)). 

i 

Let u be the element of K\{A{G)) which maps to (ff^^iKi/ F))i under the left vertical arrow. Then 
it is clear that uf is the p-adic zeta function, ^{Fco/F), which we want. □ 

Now we let G be the group H xT, where H is a. pro-/? compact p-adic Lie group and T is, as usual, 
isomorphic to the additive group of /j-adic integers Zp. Recall that we have fixed a topological 
generator y of F. We extend some definitions of section 2 to this more general setting. Put G, for 
the subgroup H x Y^'K 

Definition 5.3. We call G a group of special type if the p-power map (ffrom Gi to G,+i induces a 
homomorphism from G?* to G"^yfor all i > 0. 
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As in section 2, we again let Hi to the the quotient H/{yP' - \)H. Just as in lemma |4T] we can show 
that G is of special type if and only if 

{hP^ = {hyP' hy-P' y-P' hy'^P' ■ ■ -y^P^^^P' hy-'^P'^'^P'^, 

in for all h in H and all / > 0. As above write G = lim with Z^. = G/Ut, with Uj^ is 

T 

an open subgroup of H, normal in G. Then J/^ = (H/Uk) » F. Put ; = (H/Uk) x T'''\ Hence 
J^^. = (H/Uk ■ iyP' - l)H) X r'^'^ If G is of special type, then it is easy to see that each Jk is of 
special type. Combining theorems 14 . 1 3 1 and 1 5 . 2 [ we get 

Theorem 5.4. Let Foo/F be an admissible p-adic Lie extension satisfying the hypothesis - such 
that H = Gal{Foo/F^'^''^) is a pro-p compact abelian p-adic Lie group, so that G = Gal{Fca/F) = 
H xT. We assume that G is of special type. Then the Main Conjecture for the extension Foo/F is 
true. 

□ 

6 Examples of groups of special type 

We now give some examples of groups of special type. By theorem |5^ above we know that the 
Main Conjecture is true for extensions of these types. 

(1) The group G = Zp x F is clearly a group of special type. Recall the example from introduction. 
Let F = QOusy)"*^, Fco is the maximal abelian 37-extension of F'^^'^ unramified outside the unique 
prime above 37 in F'^'^. Then Gal{F'^^"^ /F) = Z37 x T. Hence the Main Conjecture is true for this 
extension. 

(2) More generally, if G = xi F, with r > 1 and the action of y on Z^ is given by a diagonal 
matrix i.e. some A e GLriZp) which give action of y onZpby y ■ (hi, ... ,hr) = A{h\, . . ., h^)' and 
which is diagonal such that A modulo p is identity matrix. Then G is of special type. 

(3) Let G - Zj^xT with y acting of Z^ by the matrix | ^ q ^ ^ ^ j- Then G is of special type. 

(4) Let G - Zj^ xY with y acting on Z^ by the matirx | ^ | j . Indeed, G is isomorphic to the 
;?-adic Heisenberg group. This is the example for which Kato 1, 18 J first proved the Main Conjecture. 

It is easy to construct many more examples of groups of special type. However, it is an interesting 
question to find out exactly which of these groups can occur as Galois group of an adimissible 
7?-adic Lie extensions. For instance, assuming Leopoldt's conjecture, the group in (4) cannot occur 
as a Galois group of an admissible ;7-adic Lie extension. But, its one dimensional quotients may of 
course occur as Galois groups of admissible jc-adic Lie extension. 
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